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Yl� ¯wm� Ayqyq� A`�A� ϕ �ky� þþ ry�@�
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∫ ∞
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ϕ(r)r dr.
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∫ ∞
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 �� R Yl� �y�r`m�� v ¤ u  Ayqyq���  A`�At�� �ky� �¤±� �§rmt�� .1.3

u(x) = −χ[−1,0](x) + χ]0,1](x) wa v(x) = (1 + x2)−1.
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T§dyl�±� rk�� BR = B(0, R) �kt�¤ Ayqyq� � d� 0 < R < 1 �ky� (� ��A��� �§rmt�� .3.3
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√
x2
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.0 < ε  A� Amh� L1+ε(BR) Y�� ¨mtn§ ¯ θ  � b�� (


6 �A�A�t�¯� �yR�w� �yt� �Fw§ .�
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Lp(X,A, µ) �� ���w� Ty�Att� {fn}∞n=1 �kt�¤ .Asyq� ºAS� (X,A, µ) �ky� ���r�� �§rmt�� .4.3

{fn}∞n=1 Ty�Attm��  � |rfn� .L∞(X,A, µ) �� ���w� Ty�Att� {gn}∞n=1 �kt�¤ .1 ≤ p < +∞ �y�

¨� �J þþ µ T�CAqt� {gn}∞n=1 Ty�Attm��  �¤ .ºASf�� �@¡ �� f ��A� w�� Lp(X,A, µ) ¨� T�CAqt�

�� g ��A� w�� X

‖gn‖L∞(X,A,µ) ≤M, ∀n ∈ N?,

¨� fg w�� T�CAqt� {fngn}∞n=1 Ty�Attm��  � Yl� A¡dn� �¡r� .A�Am� 	�w� ¨qyq�  d� M �y�

.Lp(X,A, µ)

].Tnmyh�A� 
CAqt�� Tn¡rb� �d�ts�¤ fngn − fg = (fn − f)gn + f(gn − g) 	tk�  � �nkm§ : AJC�[

2011/02/06  A�t�� .4

.�y�w� xAyq�¤ Tyl§Cwb�� ¢�ryK`� (¢n� ºz� ©� ¤� R2
¤�) R  ¤z� ¨l§ A� �� ¨�

.T =

∫ e

1

(∫ lnx

0

dy

x(1 + y)

)
dx ��Akt�� �ky� �¤±� �§rmt�� .1.4

.Tl�Akm�� 	y�r� Hk`� (þ�) �� rJAb� T 	s�� (
) .Tl�Akm��  �dy� �FC� (�)

¨qyq��� ��At�� �ky�¤ R2 ⊃ C = [1,+∞[×[1,+∞[ ¢tnm�� ry� ��rm�� �ky� ¨�A��� �§rmt�� .2.4

 �� C Yl� �r`m�� f

f(x, y) =
x− y

(x+ y)3
·

.�t�A�� Cr� ?xwy� f �¡

C�dqm�� 
As�� ¢n� dftF�¤
∂

∂x

(
−x

(x+ y)2

)
¹z��� �tKm�� 	s�� (�)

K =

∫ ∞
1

[ ∫ ∞
1

f(x, y) dx
]
dy.

?K = L �¡ .L =
∫∞

1

[ ∫∞
1 f(x, y) dy

]
dx C�dqm�� ��@� 	s��

xAy� w¡ λ2 ,L1(C,BC , λ2) ºASf�� Y�� ¨mtn§ ¯ f ��At��  � Yl`f�� 
As���¤ CA�}³A� b�� (
)

.�y�w�

�y� ϕ(x) = (sinx)χI(x)  �� R Yl� �r`m�� ϕ ¨qyq��� ��At�� �ky� ��A��� �§rmt�� .3.4

 �� T�r`m�� {ϕn}∞n=1 Tyqyq��� ���wt�� Ty�Att� �kt�¤ .I =]0, π[ �A�ml� zymm�� T��d�� ¨¡ χI

.ϕn dnF ,suppϕn �y� .R 3 x ,ϕn(x) = ϕ(x− nπ)

.3 < n ,ϕn T�A� TfO�¤ .ϕ3 ,ϕ2 ,ϕ1 ,ϕ ���wt�� �A�Ay� �FC� ,�l`m�� Hf� Yl� (�)

.¢nyy`� 	lW§ ϕ∞ ��A� w�� R Yl� TVAsb� 
CAqt� {ϕn}∞n=1 Ty�Attm��  � �y� (
)

?L1(R) ¨� ϕ∞ w�� Ty�Attm�� £@¡ 
CAq� �� �ÐA�
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8 �A�A�t�¯� �yR�w� 2 Tl�Akm��¤ xAyq�� T§r\�

.�yqyq� �§ d� 1 > b > 0 ¤ 1 > a > 0 �ky� ���r�� �§rmt�� .4.4

?Ayhtn�

∫ a
0 x
−α dx �Fwm��  Am§C ��Ak�  wk§ ¨� α ¨qyq���  d`�� CAyt�� 	�§ �y� (�)

?Ayhtn�

∫ 1
b (1−x)−β dx �Fwm��  Am§C ��Ak�  wk§ ¨� β ¨qyq���  d`�� CAyt�� 	�§ �y�¤ (
)

Y�� Aymtn� x−α(1− x)−β ��At��  wk§ ¨� β ¤ α Yl� �yVrK�� �bFAm� �tntF� (þ�)

?L1(0, 1)

2011/06/21  A�t�� .5

.¢FAy�¤ �y�w� ryK`� ¢n� ºz� ©� ¤� (RN ¤�) R ¨l§A� �� ¨�  ¤z§

 Ayqyq���  A`�At��¤ J = [−2, 2] ¤ I = [−1, 1]  A}�rtm��  ¯A�m�� �ky� �¤±� �§rmt�� .1.5

.£dnF¤ f ? g �l�� º�d� �� g ¤ f ©dnF �y� .g(x) = χJ(x) ¤ f(x) = 2xχI(x)

R 3 x  A� Amh� 0 < h(x)  A� �Ð� .L1(R) Y�� ¨mtn§ Ayqyq� A`�A� h �ky� ¨�A��� �§rmt�� .2.5

.L1(R) Y�� ¨mtn§ ¯ (h ��At�� 
wlq�) h−1
 � b���

].h−1/2h1/2 º�d��� Yl� Tm¶®� Tn§Abt� �ybW� �nkm§ : AJC�[

 � ©� ,Ay�A`J �rZAnt�  A� �Ð� .RN
Yl� Ab�w�¤ AFwy� Ayqyq� A`�A� ϕ �ky� þþ ry�@�

ϕ(x1, . . . , xN ) = ϕ(r), r =
√
x21 + · · ·+ x2N

: (©dyl�±� ©¤rk�� d�w�� �®� T�As� ¨¡ σN ) An§d� ¢���∫
RN

ϕ(x) dx =

∫
RN

ϕ(|x|) dx = σN

∫ ∞
0

ϕ(r)rN−1 dr,

x = (x1, . . . , xN ), r = |x| =
√
x21 + · · ·+ x2N .

�§ d� p ≥ 1 ¤ α 6= 0 �ky�¤ .RN ¨� T§dyl�¯� d�w�� r� U �kt� ��A��� �§rmt�� .3.5

:¥�Akt�� b�� .�yyqyq�

αp+N > 0 ⇐⇒ ϕ(x) = |x|α ∈ Lp(U).(1)

αp+N < 0 ⇐⇒ ψ(x) = |x|α ∈ Lp(cU), cU = RN \ U .(2)

�Sn� .Ayqyq� � d� 1 < p < ∞ ¤ Ω =]0, 1[ �wtfm�� �A�m�� �ky� ���r�� �§rmt�� .4.5

.Ω 3 x ,un(x) = n1/pe−nx

:{un}∞n=1 Ty�Attm��  � y��

.�¤d`m�� ��At�� w�� Ω ¨� TVAsb� 
CAqt� Ahnk�  ¤d�� ry� (1

.N? 3 n  A� Amh� ,‖un‖Lp(Ω) ≤M �y�� 0 < M �A� d�w§ ¢�� Yn`m� ,Lp(Ω) ¨�  ¤d�� (2

.�¤d`m�� ��At�� w�� Lp(Ω) ¨� T§CAqt� ry� (3

.
1
p + 1

p′ = 1  �� �r`m��  d`�� w¡ p′ �y� ,Lp
′
(Ω) 3 v  A� Amh� , lim

n→∞

∫
Ω
unv dx = 0 �k� (4

].Lp′
(Ω) ºASf�� ¨� Ω ¨� T}�rt� ��dnF ��Ð¤ rmtsm�� ���wt�� T�A�� ��d�tF� �nkm§ : AJC�[
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2011/06/29  A�t�� .6

.¢FAy�¤ �y�w� ryK`� ¢n� ºz� ©� ¤� (RN ¤�) R ¨l§A� �� ¨�  ¤z§

 Ayqyq���  A`�At��¤ J = [−4, 4] ¤ I = [−2, 2]  A}�rtm��  ¯A�m�� �ky� �¤±� �§rmt�� .1.6

 Ay� ��@� �FC� .£dnF¤ f ? g �l�� º�d� �� g ¤ f ©dnF �y� .g(x) = χJ(x) ¤ f(x) = 3x2χI(x)

.f ? g ��At��

R 3 x  A� Amh� 0 < h(x)  A� �Ð� .L2(R) Y�� ¨mtn§ Ayqyq� A`�A� h �ky� ¨�A��� �§rmt�� .2.6

.L2(R) Y�� ¨mtn§ ¯ (h ��At�� 
wlq� ��r�) h−2
 � b���

α 6= 0 �ky�¤ .U Tq}®� U �kt�¤ RN ¨� T§dyl�¯� d�w�� r� U �kt� ��A��� �§rmt�� .3.6

:��At�� ¨mtn§ ¨� α  d`�� CAyt�� 	�§ �y� .�yyqyq� �§ d� p ≥ 1 ¤

?Lp(U) Y�� ϕ(x) = (1− |x|)α (1

.
cU = RN \ U An¡ ?Lp(cU) Y�� ψ(x) = (|x| − 1)α (2

�Sn� .Ayqyq� � d� 1 < p <∞ ¤ Ω =]− 1, 1[ �wtfm�� �A�m�� �ky� ���r�� �§rmt�� .4.6

un(x) = (n|x|)1/pe−nx
2
, x ∈ Ω.

:{un}∞n=1 Ty�Attm�� �¡

?A� ��A� w�� Ω ¨� TVAsb� T�CAqt� ? ¤d�� (1

? Lp(Ω) ¨�  ¤d�� (2

? Lp(Ω) ¨� T§CAqt� (3

2011/09/10  A�t�� .7

.¢n� ºz� Yl� ¤� ¢l� ºASf�� Yl� �y�w� xAy� ¯� An¡ �d�ts� ¯

Ah�� b�� .un(x) =
x2

n4x4 + 1
 �� R Yl� T�r`m�� {un}∞n=1 Ty�Attm�� �kt� �¤±� �§rmt�� .1.7

!©C¤rR r§rbt�� .¢nyy`� ¨�bn§ u∞ ��A� w�� ,[1,∞] 3 p  A� Amh� ,Lp(R) ¨�¤ TVAsb� T�CAqt�

 �� T�r`m�� R2
r� B �kt� ¨�A��� �§rmt�� .2.7

B =
{

(x, y) ∈ R2 | 0 ≤ x2 + y2 <
1

2

}
 �� B Yl� �r`m��¤ Ay�A`J rZAntm�� ¨qyq��� ��At�� ϕ rbt`� ,	�w� ¨qyq�  d� α ��� ��¤

ϕ(x, y) =
∣∣ ln√x2 + y2

∣∣−α (x2 + y2)−1/2, (x, y) ∈ B \ {(0, 0)}, ϕ(0, 0) = 0.

?L2(B) Y�� ϕ ��At�� ¨mtn§ ¨� α  d`�� CAyt�� 	�§ �y�

 ��  A�r`m��  Ayqyq���  A`�At��¤ I = [−1, 1] ¨qyq��� �A�m�� �ky� ��A��� �§rmt�� .3.7

.f ? g �l�� º�d� �y� .Cw�@m�� �A�ml� zymm�� T��d�� ¨¡ χI ,g(x) = 1
x2+1

¤ f(x) = 2xχI(x)
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10 �A�A�t�¯� �yR�w� 2 Tl�Akm��¤ xAyq�� T§r\�

 �� J Yl� T�r`m�� {vn}n≥1 Ty`�At�� Ty�Attm��¤ J = [0, 1] �A�m�� �ky� ���r�� �§rmt�� .4.7

.vn(x) = n/(n2x2 + 1)

.Ty�Attm�� £@h� v∞ TWysb�� T§Ahn�� �y� (1

L1([a, 1]) ¨�  C�¤ 
CAqt�� ,�k� .L1(J) ¨� v∞ w�� 
CAqt� ¯ {vn}n≥1 Ty�Attm��  � b�� (2

.0 < a < 1  A� Amh�

.L1(J) ¨� v∞ w�� 
CAqt� {x vn}n≥1 Ty�Attm��  � b�� (3

.J �A�m�� Yl� rmts�¤ 	�w� ¨qyq� ��A� Y�� h z�r§ �yy�At�� �y��¥s�� ¨�

��At�� w�� 
CAqt� ¯ {h vn}n≥1 Ty�Attm��  � b��� ,min
J
h = gm > 0 ,h {yS�  A� �Ð� (4

.L1(J) ºASf�� ¨� �¤d`m��

.L1(J) ºASf�� ¨� �¤d`m�� ��At�� w�� 
CAqt� {h vn}n≥1  � y��� ,h(0) = 0  A� �Ð� ,�k� (5

2012/03/15  A�t�� .8

.¢n� ºz� Yl� ¤� ¢l� (R2
¤�) R ºASf�� Yl� �y�w� xAy� ¯� An¡ �d�ts� ¯

�¤±� �§rmt�� .1.8

.D =
{

(x, y) ∈ R2 | x2 + y2 ≤ 9 ∧ y ≥
√
x2 + 1

}
 �� �r`m�� R2

©wtsm�� zy� �FC� (�)

.R2
Yl� �wm� f(x, y) = xyχD(x, y) ��At��  � �y� .D zy�l� zymm�� T��d�� χD �kt� (
)

.	y�rt�� �@¡ Hk`�¤ x �� y Y�� Tbs� Tl�Akm�A� �@¡¤ R2
Yl� f ��At�� ��Ak� 	s��

T��d�� ¨¡ χI �y� ϕ(x) = (1−x)χI(x)  �� YW`m�� ¨qyq��� ��At�� ϕ �ky� ¨�A��� �§rmt�� .2.8

.ϕn(x) = nϕ(n(x+n)) �y� {ϕn}∞n=1 Ty`�At�� Ty�Attm�� �kt�¤ .I = [0, 1] Q�rtm�� �A�ml� zymm��

.ϕn ��At�� dnF ,suppϕn �y�¤ ϕn T�A� TfO�¤ ϕ2 ,ϕ1 ,ϕ ���wt�� �A�Ay� �FC� (�)

.¢nyy`� 	lW§ ϕ∞ ��A� w�� TVAsb� T�CAqt� {ϕn}∞n=1 Ty�Attm��  � �y� (
)

? L1(R) ¨� ϕ∞ w�� {ϕn}∞n=1 Ty�Attm�� 
CAqt� �¡ (þ�)

��A��� �§rmt�� .3.8

¤ 0 < x < 1 ��� �� g(x) =
x− 1

lnx
 �� �r`m�� g ��At��  wk§ ¨� β ¤ α �yt�A��� �y� (�)

.[0, 1] Q�rtm�� �A�m�� Yl� �rmts� g(1) = β ¤ g(0) = α

.Yþ¶An��� ��Akt�� ��d�tFA� ¢tmy� 
As� w¡ An�d¡¤  w�w� T =

∫ 1

0

x− 1

lnx
dx  Am§C ��Ak�  Ð�

�r`m�� ¨qyq��� ��At�� u �ky�¤ .Ω =]0, 1[×]0, 1[  �� �r`m�� R2
¨� �wtfm�� ºz��� Ω �ky� (
)

.Ω 63 (x, y)  A� �Ð� u(x, y) = 0 ¤ Ω 3 (x, y)  A� �Ð� u(x, y) = xy  �� R2
Yl�

.R2
Yl� �wm� u  � �y� (þ�)
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.K =

∫
Ω
xy dxdy Yþ¶An��� ��Akt�� �ytyfyk� 	s�� ( )

.T  Am§C ��Ak� 
As�� Ah�d�tF�¤ K ¤ T X�r� ¨t�� T�®`��  d�

.ξn(x) = 1/(1 + x2)n �y� {ξn}∞n=1 Ty`�At�� Ty�Attm�� �kt� ���r�� �§rmt�� .4.8

.¢nyy`� 	lW§ ξ∞ ��A� w�� TVAsb� T�CAqt� {ξn}∞n=1 Ty�Attm��  � �y� (�)

? L∞(R) ¨�  C�¤ w¡ �¡ ? [1,∞[3 p  A� Amh� Lp(R) ¨�  C�¤ ξ∞ w�� {ξn}∞n=1 
CAq� �¡ (
)

2012/06/24  A�t�� .9

¤ f(x) = exχ]−∞,0[(x)  �� R Yl� �y�r`m�� g ¤ f  Ayqyq���  A`�At�� �ky� �¤±� ��¥s�� .1.9

.�y�d�� ¨� Cw�@m�� T�wm�ml� zymm�� T��d�� Y�� χ ryK§ .g(x) = e−xχ]0,∞[(x)

.R �� x TWq� �� dn� ¢tmy� 	s�� �� �dy� �r`� f ? g �l�� º�d� �ÐAm� ��

¨�A��� ��¥s�� .2.9

 �� N? 3 n ¨`ybV  d� �� ��� �� �r`m�� ¨qyq��� ��At��  Ay� �FC� ? .1.2.9

Tn(t) =
1

2
{|t+ n| − |t− n|}, t ∈ R.

?  ¤d�� ��At�� �@¡ �¡ .Tn(f) = Tn ◦ f ��At�� rbt`n�¤ .[1,∞] 3 p �� Lp(R) 3 f �ky� ? .2.2.9

.Lp(R) ¨� f w�� T�CAqt� {Tn(f)}∞n=1 Ty`�At�� Ty�Attm��  � b�� . Tn(f) ¤ f �y`�At�� �y�  CA�

N? 3 n ��¤ L1
loc(R) 3 f ��A� �� ��� �� �r`m�� ��At�� Y�� fn þ� rKn� ��A��� ��¥s�� .3.9

.R 3 x ,fn(x) = n
2

∫ x+1/n
x−1/n f(t) dt  ��

.ψ(x) = xχ[0,∞[(x) ��At�� T�A� ¨�R 3 x 7−→ ψn(x) = n
2

∫ x+1/n
x−1/n ψ(t) dt ∈ R ��At�� �y� ? .1.3.9

ψ ��At�� w�� �A\t�A� T�CAqt� {ψn}∞n=1 Ty�Attm��  � b�� �� .�l`m�� Hf� Yl� ψ  Ay�¤ ¢�Ay� �FC�

.R Yl�

Ty�Attm��  � Yl� �¡r� �� T}�rt� fn ���wt�� ��dnF  � �yb� Cc(R) 3 f  A� �Ð� ? .2.3.9

 A� Amh� Lp(R) Y� f w�� Ty�Attm�� £@¡ 
CAq� �nttF� .R Yl� f w�� �A\t�A� 
CAqt� {fn}∞n=1

.[1,∞] 3 p

Á¤ ∞ > p > 1 �ky�¤ �y�w� H§A�¤ ryK`� � ¤z� J
.
=]0,+∞[ �A�m�� �ky� ���r�� ��¥s�� .4.9

.J 3 x ,F (x) = 1
x

∫ x
0 f(t) dt  �� �r`m�� F ��At�� �ky�¤ Lp(J) 3 f

.L1 63 F  � �yb� L1 3 f �� 0 < f  A� �Ð� . ? 1.4

 � T¶z�t�A� ®�Ak� b��� Cc(J) 3 f �� 0 ≤ f |rf� . ? 1.4∫ ∞
0

F p(x) dx = −p
∫ ∞

0
F p−1(x)xF ′(x) dx.

Hardy © CA¡ Tn§Abt� �nttF�

∫
F p−1f Yl� Cd�w¡ Tn§Abt� �bWt� �� xF ′ = f − F  � ^�¯

‖F‖Lp ≤
p

p− 1
‖f‖Lp .
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2012/09/06  A�t�� .10

.J = [0,+∞[ �S�¤ .¢n� ºz� Yl� ¤� ¢l� ºASf�� Yl� �y�w� xAy� ¯� An¡ �d�ts� ¯

ryK§ �y� f(x) = e−xχJ(x)  �� R Yl� �r`m�� f ¨qyq��� ��At�� �ky� �¤±� ��¥s�� .1.10

�O� r�Ð� ,
As�  ¤ ¤ �dy� �r`� f ? f �l�� º�d� �ÐAm� �� .J �A�ml� zymm�� T��d�� Y�� χJ

TWq� �� dn� (f ? f)(x) 	s�� .�t�A�� Cr� ,supp (f ? f) £dnF ©wt�§ ©@�� © d`�� �yqtsm��

.R �� x

� d� α �ky�¤ .(1, 1) ,(1, 0) ,(0, 0) Xqn�� dn� ¢F¤¦C ©@�� �l�m�� T �ky� ¨�A��� �§rmt�� .2.10

.L =

∫
T

dx dy

(x+ y + 1)α+1
��Akt�� 	s�� .1 ��¤ 0 �� Aft�� Ayqyq�

J �A�m�� Yl� C�rmtF¯A� �AqtJ²� ®�A�¤ A�r`� Ayqyq� A`�A� P �ky� ��A��� �§rmt�� .3.10

.A�CAqt�

∫ ∞
0

P ′(x)e−x dx ��Akt��  wk§ �y��¤ lim
x→+∞

P (x)e−x = 0 �q�§¤

.�yl�Akt�� X�r� ¨t�� T�®`�� r�Ð �� 
CAqt�

∫ ∞
0

P (x)e−x dx ��Akt��  � b�� .1.3.10

.

∫ ∞
0

te−
√
t dt ��Akt�� 	s�� :�ybW� .2.3.10

].Aq�As�� Ahyl� �O�m�� T�®`�� ��d�tF� C�rk� ¨� rk�¤ x =
√
t ry�tm�� �§dbt� �y`ts�  � �nkm§ : AJC�[

���r�� �§rmt�� .4.10

.

∫ ∞
0

u0(x) dx > 0 ¤

∫ ∞
−∞

u0(x) dx = 0 �q�§¤ L1(R) Y�� ¨mtn§ u0 ��A� d�¤� .1.4.10

.

∫ ∞
0

u(x) dx > 0 ¤

∫ ∞
−∞

u(x) dx = 0 �q�§¤ L1(R) Y�� ¨mtn§ Ayfy� A`�A� u �ky� .2.4.10

 � Yl� �¡r� .R 3 x ,un(x) = nu(nx)  �� T�r`m�� {un}∞n=1 Ty`�At�� Ty�Attm�� �kt�¤

lim
n→∞

∫ 1

−1
un(x)ϕ(x) dx = 0, ∀ϕ ∈ E,

.[−1, 1] Q�rtm�� �A�m�� Yl� rmtsm��¤ R Yl� T�r`m�� Tyqyq��� ���wt�� ºAS� Y�� z�r§ E �y�

 � �yb�  � �nkm§ : AJC�[∫ 1

−1

un(x)ϕ(x) dx =

∫ n

−n
u(t)

[
ϕ
( t

n

)
− ϕ(0)

]
dt+ ϕ(0)

∫ n

−n
u(t) dt

].rfO�� Y��  ¯¤¥§ �ymy�� Yl� �yl�Akt��  � �Ab�³ Tm¶®� Tn¡rb� �d�ts� ��

2013/02/06  A�t�� .11

.�y�w� xAyq�¤ Tyl§Cwb�� ¢�ryK`� (¢n� ºz� ©� ¤� R2
¤�) R  ¤z� ¨l§ A� �� ¨�

.

∫ 1

−1

(∫ √1−x2

−
√

1−x2
u(x, y) dy

)
dx ¹An��� ��Akt�� ¨� Tl�Akm��  �dy� �FC� (�) �¤±� �§rmt�� .1.11

.u(x, y) =
1

1 + x2 + y2
��At�� T�A� ¨� ��Akt�� �@¡ 	s�� (
)

12 �A�A�t�¯� �yR�w� �yt� �Fw§ .�
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¢l�Ak� 	s�� �� R2
Yl� xwy� f(x, y) = |x− y| ¨qyq��� ��At�� �ÐAm� �� ¨�A��� �§rmt�� .2.11

.C =]0, 1[×]0, 1[ ��rm�� Yl�

.A�wtf� �¤±� ��r�� Ω =]0,+∞[×]0,+∞[ �ky� ��A��� �§rmt�� .3.11

?xwy� g(x, y) = e−xy  �� Ω ¨� �r`m�� g ¨qyq��� ��At�� �¡ (�)

.L1(Ω) Y�� g ºAmt�� rbt�t� ¨ly�w� Tn¡rb� �d�tF� (
)

��Akt�� 
As�� . Ayqyq�  � d� β > α > 0 �y� S =]0,+∞[×]α, β[ X§rK�� �ky� (þ�)

.L1(S) Y�� g ��At�� ºAmt�� �tntF�

∫ β

α

[ ∫ ∞
0

e−xy dx
]
dy

.

∫ ∞
0

e−αx − e−βx

x
dx��Akt�� Tmy�  A�§³ (r§rbt�� r�Ð��)«r�� Tyfyk� ��As�� ��Akt�� 	s�� ( )

C Yl� �r`m�� h ¨qyq��� ��At��¤ C =]0, 1[×]0, 1[ �wtfm�� ��rm�� �ky� ���r�� �§rmt�� .4.11

 ��

h(x, y) =
xy(x2 − y2)

(x2 + y2)3
.

.�t�A�� Cr� ?xwy� h �¡

.K =

∫ 1

0

[∫ 1

0
h(x, y) dx

]
dy C�dqm�� 
As�� ¢n� dftF�¤

∂

∂x

(
−x2

(x2 + y2)2

)
¹z��� �tKm�� 	s�� (�)

?K = L �¡ .L =

∫ 1

0

[ ∫ 1

0
h(x, y) dy

]
dx C�dqm�� ��@� 	s��

��Akt�� 	s�� �� (1, 1) ,(1, 0) ,(0, 0) Xqn�� ¢F¤¦C ©@�� T �l�m�� Yl� h ��At�� CAJ� �y� (
)

xAy� w¡ λ2 ,L1(C,BC , λ2) ºASf�� Y�� ¨mtn§ ¯ h ��At��  � �tntF� .

∫
T
h(x, y) dxdy

.�y�w�

2013/06/01  A�t�� .12

��� �� fn(x) = ex  �� R Yl� T�r`m�� {fn}∞n=1 Ty`�At�� Ty�Attm�� �kt� �¤±� ��¥s�� .1.12

?L1(R) Y�� ¨mtn§ f1 ��At�� �¡ .1 ≤ x ��� �� fn(x) =
e

xn
¤ 1 ≥ x

��� �� Lp(R) Y�� f ºAmt�� �� �ÐA� .R Yl� {fn}∞n=1 Ty�Attml� f TyWysb�� T§Ahn�� �y� .1.1.12

? L∞(R) Y�� ? ∞ > p ≥ 1

.[1,∞[3 p  A� Amh� Lp(R) ¨� f w�� {fn}∞n=1 
CAqt� b�� .2.1.12

�wlkytF XFwt� �r`� (Ayl�� �wm� ��A�) L1
loc(R) 3 g ��� �� :ry�@� ¨�A��� ��¥s�� .2.12

.¨qyq� XyF¤ 0 < δ �y� gδ(x) =
1

2δ

∫ x+δ

x−δ
g(t) dt  �� g ��Atl� gδ

�� gδ �y� �� g  Ay� �FC� .g(x) = 2 − |x|  �� R Yl� �r`m�� ¨qyq��� ��At�� �ky� .1.2.12

.g  Ay� mFC �y� �l`m�� Yl� ¢�Ay� �FC�¤ ]0, 1] 3 δ ���

.lim
δ↓0
‖g− gδ‖L∞(R) = 0  � ©� ,0 w�� δ �¤¥§ A�dn� L∞(R) ¨� g w�� �¤¥§ gδ  � b�� .2.2.12
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�y`�At�� �� º�d� , R 3 x 7→ (ϕ ? ψ)(x) =
∫
R ϕ(x− y)ψ(y) dy ∈ R 	s�� ��A��� ��¥s�� .3.12

�y� ψ ¤ ϕ

ϕ(x) = χI(x), I = [0, 2]; ψ(x) =
e

e− 1
|x|e−x2χJ(x), J = [−1, 1].

���r�� ��¥s�� .4.12

�y� .N∞(u) 	s��¤ L∞(R) Y�� ¨mtn§ R 3 x 7→ u(x) = e−x
2 ∈ R ��At��  � �y� .1.4.12

?A�¤d`�  wk§  � T  d`l� �km§ �¡ .T =
∫
R e
−x2 dx �Sn� .L1(R) Y�� ¨mtn§ u  � ��@�

 �¤ R 3 x TWq� �� dn� �r`� u ? v �l�� º�d�  � b�� . L1(R) 3 v �ky� .2.4.12

.L1(R) ¨� v �y\� w¡ ‖v‖1 �y� , x  A� Amh� |(u ? v)(x)| ≤ ‖v‖1

.+∞ w�� |x| �¤¥§ A�dn� 0 w�� �¤¥§ ¢��¤ rmts� u ? v  � b�� .3.4.12

.‖u ? v‖1 ≤ T‖v‖1  �¤ L1(R) Y�� ¨mtn§ u ? v  � b�� .4.4.12

2013/09/10  A�t�� .13

.¢n� ºz� ©� Yl� ¤� (N? 3 N) RN Yl� ¢l�Ak�¤ �y�w� xAy� ¯� An¡ �d�ts� ¯

ºz�l� zymm�� T��d�� ¨¡ χ)  �� �y�r`m�� g ¤ f �yqyq��� �y`�At�� �ky� �¤±� ��¥s�� .1.13

: (�y�d�� ¨� Cw�@m��

f(x) = (2− x)χ[1,2](x), g(x) = χ[3,4](x), x ∈ R.

.R �� x TWq� �� dn� ¢tmy� �y� �� �dy� �r`� f ? g �l�� º�d�  � �y�

��At�� �¡ . L4(R) 3 ψ ¤ L
4
3 (R) 3 ϕ �� �yqyq� �y`�A� ψ ¤ ϕ �ky� (�) ¨�A��� ��¥s�� .2.13

? �wm� ϕψ

ºASf�� �@¡ ¨� T�CAqt� L4(I) �� Ty`�A� Ty�Att� {ξn}∞n=1 �kt�¤ I =]0, 1[ �A�m�� �ky� (
)


CAqt� �¡ .L2(I) ¨� ξ ��At�� Hf� w�� 
CAqt� {ξn}∞n=1 Ty�Attm��  � b�� . L4(I) 3 ξ ��A� w��

.[1, 4] 3 q  A� Amh� Lq(I) ºAS� �� ¨� ¢sf� ��At�� w�� Ahsf� Ty�Attm��

 �� �r`m�� R3
ºASf�� zy� V �FC� �� �y� (�) ��A��� ��¥s�� .3.13

V = {(x, y, z) ∈ R3 | 3x2 + 3y2 ≤ z ≤ 1− x2 − y2}·

.|V | =
∫
V
dxdydz  d`�� ©� , V zy��� ��� 	s�� (
)

,J Yl� ¯wm� A`�A� u �ky�¤ R �� � ¤d��¤ A�wtf� ¯A�� J =]a, b[ �ky� ���r�� ��¥s�� .4.13

 A� �Ð� u ��Atl� �y�wl� TWq� Ah�� u(x) 6= ±∞ �y� J 3 x TWq� �� �wq� .L1(J) 3 u  � ©�

lim
h→0

1

h

∫ h

0
[u(x+ t)− u(x)] dt = 0.

 �� �r`m�� u0 �wmk�� ��Atl� �y�wl� TWq� ¨¡ I =]0, 1[ �A�m�� �� TWq� ��  � b�� .1.4.13

.I 3 x , u0(x) = 1
1+x
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.J ¨� u ��At�� �@h� �y�wl� TWq� ¨¡ L1(J) 3 u ��Atl� C�rmtF� TWq� ��  � b�� .2.4.13

U(x) =
∫ x
a u(s) ds ��At��  �� L1(J) 3 u ��Atl� �y�wl� TWq� J 3 x0 �A� �Ð� ¢�� b�� .3.4.13

.U ′(x0) = u(x0) An§d�¤ x0 dn� �AqtJ®� ��A�

2014/02/06  A�t�� .14

.�y�w� xAyq�¤ Tyl§Cwb�� ¢�ryK`� (¢n� ºz� ©� ¤� R2
¤�) R  ¤z� ¨l§ A� �� ¨�

��Akt�� 	s�� .Q = {(x, y) ∈ R2 | x2 + y2 ≤ 1}Qrq�� �ky� �¤¯� �§rmt�� .1.14∫
Q

ln(1 + x2 + y2)

1 + x2 + y2
dxdy.

 �� �r`m�� D ©wtsm�� zy� �FC� (�) ¨�A��� �§rmt�� .2.14

D = {(x, y) ∈ R2 | |x| ≤ 1 ∧ 0 ≤ y ≤ (1− |x|)2}·

:D xAy� ,

∫
D
dxdy 	s�� (
)

.�ytl�Akm�� 	y�r� Hk`� Ay�A�¤ (2.
) .x Y�� Tbs� �� y Y�� Tbs� ¯¤� ®�Ak� (1.
)

 �� �y�r`m�� S2 Á¤ S1  AW§rK�� �ky� ��A��� �§rmt�� .3.14

S1 = {(x, y) ∈ R2 | x ≥ 0 ∧ x ≤ y < x+ 1}

Á¤

S2 = {(x, y) ∈ R2 | x ≥ 0 ∧ x+ 1 ≤ y < x+ 2}.

Á¤ S2 3 (x, y)  A� �Ð� f(x, y) = −1 Á¤ S1 3 (x, y)  A� �Ð� f(x, y) = 1  �� �r`m�� f ��At�� �ky�¤

.[R2 \ (S1 ∪ S2)] 3 (x, y)  A� �Ð� f (x, y) = 0

�yl�Akt�� 	s�� (�)∫
R

[ ∫
R
f(x, y) dy

]
dx Á¤

∫
R

[ ∫
R
f(x, y) dx

]
dy.

?^�®� �ÐA�

?R2
Yl� �wm� f ��At�� �¡ (
)

w¡ I �y� ϕ(x) = 3x2χI(x)  �� R Yl� �r`m�� ϕ ¨qyq��� ��At�� �ky� ���r�� �§rmt�� .4.14

.ϕn(x) = ϕ(x− n)  �� T�r`m�� {ϕn}∞n=1 Ty`�At�� Ty�Attm�� �kt�¤ .[0, 1] �A�m��

.ϕ2 ,ϕ1 ,ϕ ���wt�� �A�Ay� �l`m�� Hf� Yl� �FC� (�)

 CA�¤ sup
n≥1

∫
R
ϕn(x) dx Á¤

∫
R

(
sup
n≥1

ϕn

)
(x) dx �§C�dqm�� 	s�� �� sup

n≥1
ϕn ��At�� �y� (
)

xCd�� ¨� �d� ¨t��  ¤d`�� 
d�t�� Tn¡rb� �� Ahyl� �O�m�� T�ytn�� {�Ant� �¡ .Amhny�

?©r\n��

 C�¤ 
CAqt�� �¡ .¢nyy`� ¨�bn§ ϕ∞ ��A� w�� TVAsb� 
CAqt� {ϕn}∞n=1 Ty�Attm��  � b�� (þ�)

?L1(R) ¨�
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16 �A�A�t�¯� �yR�w� 2 Tl�Akm��¤ xAyq�� T§r\�

2014/06/11  A�t�� .15

.¢n� ºz� ©� Yl� ¤� R Yl� �y�w� xAy�¤ �§Cw� ryK� �d�ts� ¨l§ A� �� ¨�

�@¡ ¨� Afy�� D  w� Yn`� �r� .L∞(R) �y�w� ºAS� �� �ºz� D �ky� �¤±� �§rmt�� .1.15

.ºASf��

�rmts� A`�A� v �ky�¤ .R 3 x  A� Amh� ϕ(x) ≡ 1  �� YW`m�� L∞(R) 3 ϕ ��At�� �ky� .1.1.15

.‖ϕ− v‖L∞(R) 	s�� .Cc(R) 3 v ©� ,Q�rt� £dnF¤

.L∞(R) ¨� Cc(R) T�A�� �d� �tntF� .2.1.15

 �� �y�r`m�� g Á¤ f  Ayqyq���  A`�At�� �ky� ¨�A��� �§rmt�� .2.15

f(x) = exχ]−∞,0](x) ∧ g(x) = xe−xχ]0,∞[(x), x ∈ R.

.L∞(R) Y�� ¨mtn§ g ��At��  �¤ L1(R) Y�� ¨mtn§ f ��At��  � �y� .1.2.15

.‖f ? g‖L∞(R) �y\nl� �r§dq� X�� �� .f ? g �l�� º�d� 	s�� .2.2.15

Am� un(x) = ex  �� T�r`m�� {un}∞n=1 Tyqyq��� Ty`�At�� Ty�Attm�� �kt� ��A��� �§rmt�� .3.15

.u2 Á¤ u1 ¨�Ay� �FC� .	�wm�� ºz��� Y�� (·)+
z�r�� ryK§ .0 ≤ x Am� un(x) = 1

n(n− x)+
Á¤ 0 ≥ x

.[1,+∞] 3 p  A� Amh� Lp(R) Y�� ¨mtn� Tq�As�� Ty�Attm�� r}An�  � b�� .1.3.15

�� Lp(R) ºASf�� Y�� u ºAmt�� �� �ÐA� .{un}∞n=1 Ty�Attml� u TWysb�� T§Ahn�� �y� .2.3.15

? L∞(R) Y�� ¢¶Amt�� �� �ÐA�¤ ? ∞ > p ≥ 1

:(b�� n) An§d� �¡ .‖un‖L∞(R) Á¤ [1,∞[3 p , ‖un‖Lp(R) 	s�� .3.3.15

lim
p→∞
‖un‖Lp(R) =‖un‖L∞(R) ?

�S� N? 3 n ��� �� .L1(X,A, µ) 3 w �ky�¤ Asyq� ºAS� (X,A, µ) �ky� ���r�� �§rmt�� .4.15

.wn = min{|w|, n}

. lim
n→∞

∫
X
||w| − wn| dµ = 0  � b�� (1

��� 0 < ρ d�w§ ,YW`� 0 < ε �� ��� �� ,¢�� �bF Am� �tntF� (2∫
A
|w| dµ ≤ ε, ∀A ∈ A, µ(A) ≤ ρ.

.�y�w� ��Akt� �lWm�� C�rmtF¯A� Ty}A��� £@¡ Y�d�

2014/06/23  A�t�� .16

.¢n� ºz� ©� Yl� ¤� R Yl� �y�w� xAy�¤ �§Cw� ryK� �d�ts� ¨l§ A� �� ¨�

Á¤ f(x) = xe−x
2
 �� R Yl� �y�r`m�� g Á¤ f  Ayqyq���  A`�At�� �ky� �¤±� �§rmt�� .1.16

.R 3 x , g(x) = χ[0,∞[(x)
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.L∞(R) Y�� ¨mtn§ g ��At��  �¤ L1(R) Y�� ¨mtn§ f ��At��  � �y� .1.1.16

.‖f ? g‖L∞(R) �y\nl� �r§dq� X�� �� .f ? g �l�� º�d� 	s�� .2.1.16

�@¡ ¨� Afy�� D  w� Yn`� �r� .L∞(R) �y�w� ºAS� �� �ºz� D �ky� ¨�A��� �§rmt�� .2.16

.ºASf��

�rmts� A`�A� v �ky�¤ .R 3 x  A� Amh� h(x) ≡ 1  �� YW`m�� L∞(R) 3 h ��At�� �ky� .1.2.16

.‖h− v‖L∞(R) �y\nl� A�Am� Ab�w� �r�A} �y� .Cc(R) 3 v ©� ,Q�rt� £dnF¤

.L∞(R) ¨� Cc(R) T�A�� �d� �tntF� .2.2.16

un(x) = e−n
2x2

 �� T�r`m�� {un}∞n=1 Tyqyq��� Ty`�At�� Ty�Attm�� �kt� ��A��� �§rmt�� .3.16

Á¤ u1 ¨�Ay� �FC� .	�wm�� ºz��� Y�� (·)+
z�r�� ryK§ .0 ≤ x Am� un(x) = 1

n(n− x)+
Á¤ 0 ≥ x Am�

.u2

.[1,+∞] 3 p  A� Amh� Lp(R) Y�� ¨mtn� {un}∞n=1 Tq�As�� Ty�Attm�� r}An�  � b�� .1.3.16

�� Lp(R) ºASf�� Y�� u ºAmt�� �� �ÐA� .{un}∞n=1 Ty�Attml� u TWysb�� T§Ahn�� �y� .2.3.16

? L∞(R) Y�� ¢¶Amt�� �� �ÐA�¤ ? ∞ > p ≥ 1

‖un‖Lp(R) 	s�A�

∫
R
e−t

2
dt =

√
π  �� Aml�¤ ‖un‖L∞(R) 	s�� .Atb�� � d� N? 3 n �ky� .3.3.16

? lim
p→∞
‖un‖Lp(R) =‖un‖L∞(R) An§d� �¡ .[1,∞[3 p �y�

Lp(X,A, µ) �� ���w� Ty�Att� {ϕn}∞n=1 �kt�¤ .Asyq� ºAS� (X,A, µ) �ky� ���r�� �§rmt�� .4.16

{ϕn}∞n=1 Ty�Attm��  � |rfn� .L∞(X,A, µ) �� ���w� Ty�Att� {ψn}∞n=1 �kt�¤ .1 ≤ p < +∞ �y�

¨� �J þ µ T�CAqt� {ψn}∞n=1 Ty�Attm��  �¤ .ºASf�� �@¡ �� ϕ ��A� w�� Lp(X,A, µ) ¨� T�CAqt�

.A�Am� 	�w� ¨qyq�  d� M �y� , N? 3 n  A� Amh� ‖ψn‖L∞(X,A,µ) ≤M �� ψ ��A� w�� X

.Lp(X,A, µ) ¨� ϕψ w�� T�CAqt� {ϕnψn}∞n=1 Ty�Attm��  � Yl� A¡dn� �¡r�

].Tnmyh�A� 
CAqt�� Tn¡rb� �d�ts�¤ ϕnψn − ϕψ = (ϕn − ϕ)ψn + ϕ(ψn − ψ) 	tk�  � �nkm§ : AJC�[

2014/09/10  A�t�� .17

Y�� χE þ� ryK�¤ .¢n� ºz� ©� Yl� ¤� (R2 Yl� ¤�) R Yl� �y�w� xAy�¤ �§Cw� ryK� �d�ts� ¨l§ A� �� ¨�

©¤As§¤ ]−∞, 0[ �A�m�� ¨� −1 ©¤As§ ©@�� ¨qyq��� ��At�� Y�� sign þ� ryK� Am� .E T�wm�ml� zymm�� T��d��

.[0,∞[ �A�m�� Yl� 1

��At�� �ky�¤ .C =]0,∞[×]0,∞[ ¨htnm�� ry� �wtfm�� ��rm�� �ky� �¤±� �§rmt�� .1.17

 �� R2
Yl� �r`m�� h ¨qyq���

h(x, y) = χC(x, y)sign(x− y)e−|x−y|.

�km§ ¯ ¢�� �tntst� L =

∫
R

[ ∫
R
h(x, y) dx

]
dy Á¤ K =

∫
R

[ ∫
R
h(x, y) dy

]
dx 	s�� .1.1.17

.�ÐAm� �� .L1(R2) Y�� ¨mtn§  � h ��Atl�

.L1(R2) 63 h  � ¨l`f�� 
As��A� d��� .2.1.17

17 �A�A�t�¯� �yR�w� �yt� �Fw§ .�
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Á¤ f(x) = xe−x
2
 �� R Yl� �y�r`m�� g Á¤ f  Ayqyq���  A`�At�� �ky� ¨�A��� �§rmt�� .2.17

.R 3 x , g(x) = χ[0,∞[(x)

.L∞(R) Y�� ¨mtn§ g ��At��  �¤ L1(R) Y�� ¨mtn§ f ��At��  � �y� .1.2.17

.‖f ? g‖L∞(R) �y\nl� �r§dq� X�� �� .f ? g �l�� º�d� 	s�� .2.2.17

un(x) = e−n
2x2

 �� T�r`m�� {un}∞n=1 Tyqyq��� Ty`�At�� Ty�Attm�� �kt� ��A��� �§rmt�� .3.17

Á¤ u1 ¨�Ay� �FC� .	�wm�� ºz��� Y�� (·)+
z�r�� ryK§ .0 ≤ x Am� un(x) = 1

n(n− x)+
Á¤ 0 ≥ x Am�

.u2

.[1,+∞] 3 p  A� Amh� Lp(R) Y�� ¨mtn� {un}∞n=1 Tq�As�� Ty�Attm�� r}An�  � b�� .1.3.17

�� Lp(R) ºASf�� Y�� u ºAmt�� �� �ÐA� .{un}∞n=1 Ty�Attml� u TWysb�� T§Ahn�� �y� .2.3.17

? L∞(R) Y�� ¢¶Amt�� �� �ÐA�¤ ? ∞ > p ≥ 1

‖un‖Lp(R) 	s�A�

∫
R
e−t

2
dt =

√
π  �� Aml�¤ ‖un‖L∞(R) 	s�� .Atb�� � d� N? 3 n �ky� .3.3.17

? lim
p→∞
‖un‖Lp(R) =‖un‖L∞(R) An§d� �¡ .[1,∞[3 p �y�

 �� T�r`m�� L2(R) �� Ty`�At�� Ty�Attm�� {ϕn}∞n=1 �kt� ���r�� �§rmt�� .4.17

ϕn(x) =
1√
n
χ[n,2n](x), x ∈ R.

.N? 3 n , ‖ϕn‖L2(R) �Amy\n�� 	s�� .1.4.17

ºAS� Y�� Cc(R) ryK§ . lim
n→∞

∫
R
ϕnψ0 dx = 0 An§d� �A� Cc(R) 3 ψ0  A� �Ð� ¢�� b�� .2.4.17

.R ¨� T}�rt� ��dnF ��Ð¤ rmtsm�� Tyqyq��� ���wt��

Ty�Attm��  � �wq� .L2(R) 3 ψ  A� Amh� lim
n→∞

∫
R
ϕnψ dx = 0 An§d� ¢�� �bF Am� �tntF� .3.4.17

.L2(R) ¨� �¤d`m�� ��At�� w�� �`S� 
CAqt� {ϕn}∞n=1

18 �A�A�t�¯� �yR�w� �yt� �Fw§ .�
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�wl���

.Tqy� 90 w¡ A¡ rF �bF ¨t�� �A�A�t�®�PO�m�� ¨mFr�� �w��

�O�� ¯ Ty��wm�� �A�fO�� ¨�  C�w�� �A�A�t�¯� �wl� ��  AftF¯�  � dqt`� An��

�w�� �@¡  � Cdq�¤ ,�yR�wm�� �� T�¤A�� ¨� ¢� x�� ¯ At�¤PO�§ ©@�� xC�dl� ¯�

.Tqy� 180 ©� ,TymFr�� dm�� �`R Y�� dtm§ d�

�� �mK� Tl�A� ¯wl� 	tk�  � �l� �y`t§ ¢�� �y� �� Ty�A� �t�¤A��  wk�  � 	�§

.T�E®�� Ty�As��� �y}Aft�� ��¤ T§r\n�� ��r§rbt��

dy`F ^�
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2010/02/13  A�t�� �� .18

�¤±� �§rmt�� �� .1.18

.1.1.18

A
	
JK
YË é

	
K @


L =

∫ π

0

(∫ x

0
sin y dy

)
dx = −

∫ π

0
cos y

∣∣∣y=x

y=0
dx =

∫ π

0
(1− cosx) dx = π.

Y
	
J« é�ð


ðP ø




	
YË@

�
IÊ

�
JÖÏ @ ñë L =

∫ π
0 (
∫ x

0 sin y dy) dx ÉÓA¾
�
JË @ ú




	
¯

�
éÊÓA¾ÖÏ @

	
à@YJ
Ó

	
à


@ A

	
J

	
¢kB @

	
X@

ð

:
�
éJ



K 	Qj.

�
JËAK.

	á�
ÊÓA¾Ó (C
�
JÓ ú




	
æJ
K. ñ

	
¯

�
é
	
JëQ�.Ó

�
�

	
¯ð) ½Ë

	
Y» A

	
JK
YÊ

	
¯ (π, π) �

ð (π, 0) �
ð (0, 0) ¡

�
®

	
JË @

L =

∫ π

0

(∫ π

y
sin y dx

)
dy

=

∫ π

0
(π − y) sin y dy

= −π cos y
∣∣∣π
0

+

∫ π

0
y(cos y)′ dy = −π(−1− 1) + y cos y

∣∣∣π
0
−
∫ π

0
cos y dy = π.

.2.1.18

: Ym.
�

	
' ,

�
é

K 	Qj.

�
JËAK.

�
éËA¾ÖÏ AK. ð 0 < x A

	
�Q

	
¯ AK
YË∫ 1

0
ye−xy dy = −1

x

∫ 1

0
y
(
e−xy

)′
y
dy

= −1

x

[
ye−xy

∣∣∣y=1

y=0
−
∫ 1

0
e−xy dy

]
= −1

x

[
e−x +

1

x
e−xy

∣∣∣y=1

y=0

]
=

1

x

[1− e−x

x
− e−x

]
·

: A
	
JK
YË ,

�
�A

�
®
�
J

�
�B


@ �

	
m�'


 AÒJ

	
¯ð

∂

∂x

(
− e−xy

1 + y2
[cosx+ y sinx]

)
=

e−xy

1 + y2

(
y[cosx+ y sinx]− [− sinx+ y cosx]

)
= e−xy sinx.

¨�A��� �§rmt�� �� .2.18

.
�
é�ñJ


�
¯ χS

�
è
	Q�
ÒÖÏ @ é

�
JË @X

	
àñº

�
K ú



ÍA

�
JËAK. ð �ñJ


�
¯ ñê

	
¯ @

	
YËð hñ

�
J
	
®Ó ÉJ
¢

�
��Ó S =]0,+∞[×]0, 1[ ¡�
Qå

�
�Ë @

. R2 3 (x, y) , χS(x, y) = χ]0,∞[(x)× χ]0,1[(y) A
	
JK
YËð

.1.2.18

: I.
�
Jº

	
K

	
à


@ ©J
¢

�
��

	
� ú



ÎJ


	
Kñ

�
K

�
é
	
JëQ�.Ó Ð@Y

	
j

�
J�@ð PAJ.» BAK.

�Õç
�
' .

�
é�ñJ


�
¯ ©K. @ñ

�
K Z @Ym.

» R2
úÎ« �ñJ


�
¯ f ©K. A

�
JË @

∫
R2

|f(x, y)| dxdy ≤
∫
R2

χS(x, y)|y|e−xy dxdy

=

∫
R
χ]0,1[(y)

[ ∫
R
χ]0,∞[(x)|y|e−xy dx

]
dy

=

∫ 1

0

[ ∫ ∞
0

ye−xy dx
]
dy

=

∫ 1

0
[−e−xy

∣∣x=∞
x=0

] dy =

∫ 1

0
dy = 1.
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. L1(R2) úÍ@

f ©K. A

�
JË @ ù



Ò
�
J
	
�K
 éJ
Ê«ð

.2.2.18

	áÓ ú



	
GA

�
JË @ È@


ñ�Ë@ Ð@Y

	
j

�
J�@ ©Ó , I.

�
Jº

	
K

	
à


AK. iÒ�

�
� ú




	
æJ
K. ñ

	
¯

�
é
	
JëQ�.Ó

	
àA



	
¯ L1(R2) úÍ@


ù


Ò
�
J
	
�K
 f

	
à


@ AÖß.

: Èð

B@ 	áK
QÒ

�
JË @∫

R2

f(x, y) dxdy =

∫ 1

0
y
[ ∫ ∞

0
sinxe−xy dx

]
dy (ú




	
æJ
K. ñ

	
¯

�
é
	
JëQ�.Ó

�
�

	
¯ð)

=

∫ 1

0
y
[ ∫ ∞

0

∂

∂x

(
− e−xy

1 + y2
[cosx+ y sinx]

)
dx
]
dy

=

∫ 1

0
y
[
− e−xy

1 + y2
[cosx+ y sinx]

∣∣∣x=∞

x=0

]
dy

=

∫ 1

0

y

1 + y2
dy =

1

2
ln 2

=

∫ ∞
0

sinx
[ ∫ 1

0
ye−xy dy

]
dx (

�
éÊÓA¾ÖÏ @ I. �


�
KQ

�
K Q

�
�


	
ª

	
K)

=

∫ ∞
0

sinx

x

[1− e−x

x
− e−x

]
dx.

:
�
éj. J


�
�
	
JË @ é

	
JÓð

T =

∫
R2

y sinxe−xy dxdy =

∫ ∞
0

sinx

x

[1− e−x

x
− e−x

]
dx =

1

2
ln 2.

��A��� �§rmt�� �� .3.18
�
ð ϕ(x) = 2xχI(x) A

	
®K
Qª

�
K A

	
JK
YË

ϕn(x) = nϕ(n(x− n)) = 2n2(x− n)χI(n(x− n)), x ∈ R.

:
�

H@


ñ
	
¯A¾

�
JË @

�
�

�
®m�'


 x
	
àA¿ @

	
X @


¡
�
®

	
¯ð @

	
X @


ÐðYªÓ Q�

	
« ϕn ©K. A

�
JË @

	
à


B suppϕn = [n, n+ 1

n ] éJ
Ê«ð

0 < n(x− n) < 1⇐⇒ 0 < x− n < 1

n
⇐⇒ n < x < n+

1

n
.

.1.3.18

Q�

	
« ñë AÓ ¡

�
®

	
¯ øQ

�
K

�
IJ
k ,

�
I

	
KAJ
J. Ë @ é

	
JÓð ϕn(x) = 2n2(x− n) É¾

�
�Ë@ úÎ« ϕn I.

�
Jº

�
K
 èY

	
J� úÎ«

. ÐðYªÓ
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-
x

6
y

ϕ
ϕ1

ϕ2

ϕ3

1

2

.

........................................................................................................

4

2
2 + 1

2

6
.

........................................................................................................ .

.......................................................................................................................................................................................... .

................................................................................................................................................................................................................................................................................ .

......................................................................................................................................................................................................................................................................................................................................................................
3

3 + 1
3

@@I

6

n
n+ 1

n

ϕn

@@I

2n

ϕ1(x) = 2(x− 1), x ∈ [1, 2]

ϕ2(x) = 8(x− 2), x ∈ [2, 2 + 1
2 ]

ϕ3(x) = 18(x− 3), x ∈ [3, 3 + 1
3 ]

· · · · · · · · ·

ϕn(x) = 2n2(x− n), x ∈ [n, n+ 1
n ]

.2.3.18

É¿ Ég.


@ 	áÔ

	
¯ , R 	áÓ

�
é
�
J�.

�
JÓ

�
é¢

�
®

	
K x �

I
	
KA¿ @

	
XA



	
¯ [n, n+ 1

n ] ÈAj. ÖÏ @ h. PA
	

g ÐðYªÓ ϕn
	
à


@ AÖß.

�
éJ
ËA

�
J
�
JÖÏ @

	
à


@ ú




	
æªK
 @

	
Yë . lim

n→∞
ϕn(x) = 0 éJ
Ê«ð , ϕn(x) = 0 	

àñºK
 , iJ
j�Ë@ Z 	Qm.
Ì'@ ñë [x] , [x] + 1 ≤ n

	
à

�
B@ I. �j

	
JË . ϕ∞ ≡ 0 ÐðYªÖÏ @ ©K. A

�
JË @ ñm�

	
' �

é£A��. K. H. PA
�
®
�
J
�
K {ϕn}n≥1

∫
R
|ϕn(x)− ϕ∞(x)| dx =

∫ n+ 1
n

n
ϕn(x) dx

=

∫ n+ 1
n

n
nϕ(n(x− n)) dx, t = n(x− n)

=

∫ 1

0
ϕ(t) dt =

∫ 1

0
2t dt = 1.

. L1(R) ú



	
¯ ϕ∞ ñm�

	
' {ϕn}n≥1

�
éJ
ËA

�
J
�
JÖÏ @ H. PA

�
®
�
J
�
K B

	
à

	
X@


���r�� �§rmt�� �� .4.18

.1.4.18

:(I. k. ñÓ gα
	
à


@

	
¡kB) A

	
JK
YËð . �ñJ


�
¯ ñê

	
¯ @

	
YËð I? ú




	
¯ QÒ

�
J�Ó gα ©K. A

�
JË @

∫
I?

gαα(x) dx =

∫ 1

0

dx

x(1− lnx)2

= −
∫ 0

+∞

dt

(1 + t)2
(t = − ln x Q�


	
ª

�
JÖÏ @ ú




	
¯ ÉK
YJ.

�
JË @ YªK.)

=

∫ +∞

0

dt

(1 + t)2
≤
∫ ∞

0

dt

1 + t2
=
π

2
·
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ú



	
¯ ÉK
YJ.
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JË @ úÍ@


Zúj
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Ê
	
K , èC«


@ É
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JÓ ,�Õç

�
'

�
�

	
¯@ñÖÏ @ ÉÓA¾

�
JË @ I.

�
Jº

	
JËð . α < p 	

à
�
B@ 	áºJ
Ë . Lα(I?) 3 gα 	

à
	
X@


x = 1 	
àA¿ @

	
X @

ð t ↑ +∞ A

	
JK
YË , 0 ↓ x Ég.


@ 	áÓð dx = −e−tdt éJ
Ê«ð x = e−t 	

à
	
X@


, t = − lnx Q�

	
ª

�
JÖÏ @

:
	
à

	
X@


. t = 0 	
àA¿∫

I?

gpα(x) dx =

∫ 1

0

dx

xp/α(1− lnx)2p/α

= −
∫ 0

+∞

e( p
α
−1)tdt

(1 + t)
2p
α

=

∫ ∞
0

e( p
α
−1)tdt

(1 + t)
2p
α

= +∞.

. lim
t→+∞

e( p
α
−1)t

(1 + t)
2p
α

= lim
t→+∞

e( p
α
−1)t

t
2p
α

= +∞ 	
à


@ ñë @

	
Yë I. �. �ð
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Ég.
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Yë ú
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JË @ éJ


	
¯ ø



Qm.
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¯@ñÖÏ @ ÉÓA¾
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JË @ I.
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K p = 2∫

J
g2(x) dx =

∫ ∞
0

dx

x(1 + | lnx|)2

=

∫ ∞
−∞

dt

(1 + |t|)2
≤
∫ ∞
−∞

dt

1 + t2
= π.

: t = lnx Q�
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JÖÏ @ ú




	
¯ ÉK
YJ.

�
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JK
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à
�
B@ 	áºJ
Ë∫

J
|g(x)|p dx =

∫ ∞
0

dx

xp/2(1 + | lnx|)2p

=

∫ ∞
−∞

etdt

ept/2(1 + |t|)2p
=

∫ ∞
−∞

e(1−p/2)tdt

(1 + |t|)2p
= +∞.

p
2 < 1 	

àA¿ @
	
X @

t→ +∞ Ég.
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ë ÉÓA¾

�
JË @

�
èPA
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�
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�
' ©K. A

�
JË @

�
éK
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E

	
à


@ úÍ@


©k. QK
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Yë I. �. �ð

.
p
2 > 1 	

àA¿ @
	
X @

t→ −∞ Ég.


@ 	áÓð

2010/09/20  A�t�� �� .19

 �� R Yl� �y�r`m�� v ¤ u  Ayqyq���  A`�At�� �ky� �¤±� �§rmt�� .1.19

v(x) = (1 + x2)−1
¤ u(x) = −χ[−1,0](x) + χ]0,1](x)

Af§r`� An§d� .R �� Atb�� � d� x �ky� .u ? v �l�� º�d� 
 As�

(u ? v)(x) =

∫
R
u(x− y)v(y) dy

= −
∫
R

χ[−1,0](x− y) dy

1 + y2
+

∫
R

χ[0,1](x− y) dy

1 + y2

= −
∫ x+1

x

dy

1 + y2
+

∫ x

x−1

dy

1 + y2

= − arctan y
∣∣x+1

x
+ arctan y

∣∣x
x−1

= 2 arctanx− arctan(x+ 1)− arctan(x− 1).
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:Ty�At�� ��¥�Akt�� Yl� ��As�� 
As��� ¨� A�dmt��

χ[−1,0](x− y) 6= 0⇐⇒ −1 ≤ x− y ≤ 0⇐⇒ 1 ≥ y − x ≥ 0⇐⇒ x+ 1 ≥ y ≥ x

¤

χ]0,1](x− y) 6= 0⇐⇒ 0 < x− y ≤ 1⇐⇒ 0 > y − x ≥ −1⇐⇒ x > y ≥ x− 1.

:An§d� ¢��� +∞ w�� �¤¥§ x Am�
π
2 Y�� �¤¥§ �\�� xw� ��At��  � Am�

lim
x→+∞

(u ? v)(x) = 0.

Y�� ¨mtn§ ψ(x) = e−x
2
 �� R Yl� �r`m�� ψ ¨qyq��� ��At�� (� ¨�A��� �§rmt�� .2.19

:An§d�¤ xwy� ¢�± �@¡¤ .L1(R)

e−x
2 ≤ 1

1 + x2
, ∀x ∈ R

:¨�At�A�¤∫
R
e−x

2
dx ≤

∫
R

1

1 + x2
dx = arctanx

∣∣∞
−∞ = π <∞.

An§d�¤ xwy� ¢�± L∞(R) Y�� ¨mtn§ ψ ��At��

‖ψ‖L∞(R) = max
R

ψ = 1 <∞.

An§d� ]1,+∞[ �wtfm�� �A�m�� �� p ��� ��¤

e−px
2 ≤ 1

(1 + x2)p
≤ 1

1 + x2
, ∀x ∈ R

.[1,+∞] �l�m�� �A�m�� �� p  A� Amh� Lp(R) Y�� ¨mtn§ ψ ��At�A� �@�¤

,ry�@t�� ¨� AW`m�� T�®`��¤ ¨ny�w� Tn¡rbm� Yl� � Amt�� .I1 ��Akt�� Tmy� 
As� (


:	tk�  � �yWts�

I2
1 =

(∫
R
e−x

2
1 dx1

)∫
R
e−x

2
2 dx2

=

∫
R
e−x

2
2

(∫
R
e−x

2
1 dx1

)
dx2

=

∫
R2

e−x
2
1−x22 dx1 dx2

= 2π

∫ ∞
0

e−r
2
r dr = −π

∫ ∞
0

(e−r
2
)′ dr = −πe−r2

∣∣∣∞
0

= π.

.I1 =
√
π ¨W`§ �@¡

.(2 �� rb�� ¨`ybV  d� N �y�) IN =

∫
RN

e−x
2
1−x22−···−x2N dx1 dx2 · · · dxN  µ� �Sn� (þ�

.N  A� Amh� IN T�A� TfO�¤ �� I3 	s��

2011/06/21  A�t�� �� .20

.¢FAy�¤ �y�w� ryK`� ¢n� ºz� ©� ¤� (RN ¤�) R ¨l§A� �� ¨�  ¤z§
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 Ayqyq���  A`�At��¤ J = [−2, 2] ¤ I = [−1, 1]  ¯A�m�� �ky� �¤±� �§rmt�� .1.20

:An§d�¤ .supp g = J ¤ supp f = I  �dns�� An§d�  � �R�¤ .g(x) = χJ(x) ¤ f(x) = 2xχI(x)

(f ? g)(x) =

∫
R
f(x− y)g(y) dy

=

∫ 2

−2
f(x− y) dy =

∫ x+2

x−2
f(z) dz =

∫
[x−2,x+2]∩ [−1,1]

2z dz.

:Yl� �O�� Tflt�m�� �¯A��� CAbt`�¤

(f ? g)(x) =

{
0, {|x| ≤ 1} ∪ {|x| ≥ 3},
(3− |x|)(1− |x|), 1 ≤ |x| ≤ 3.

. supp (f ? g) = [−3,−1] ∪ [1, 3] w¡ f ? g dnF¤

h−1
���wt��  � �� 0 <

∫
R h(x) dx  �� �d�� �d`n§ ¯ w¡¤ �wm� h  � Am� ¨�A��� �§rmt�� .2.20

:(z�C�wJ¤ ¨Jw� Tn§Abt� �y�d�ts�) 	tk�  � �Wts�¤ TFwy� h1/2
¤ h−1/2

¤

∞ =

∫
R

1 dx =

∫
R
h−1/2h1/2 dx ≤

(∫
R

(h−1/2)2 dx
)1/2(∫

R
(h1/2)2 dx

)1/2
.

¢n�¤

∞ =
∞∫

R h dx
≤
∫
R
h−1 dx.

.L1(R) Y�� ¨mtn§ ¯ h−1
 Ð�

T§dyl�±� d�w�� rk� χU zymm�� T��d��  � ¯¤� ^�®� (1) ¥�Akt�� �Ab�³ ��A��� �§rmt�� .3.20

:ry�@t� Aq�¤ 	tk�  � �yWts� �@�¤ (©¤rk�� ¤�) ¨�A`K�� rZAnt�A� �tmt�∫
U
|ϕ(x)|p dx =

∫
RN
|ϕ(|x|)|pχU (|x|) dx

= σN

∫ ∞
0
|ϕ(r)|pχU (r)rN−1 dr = σN

∫ 1

0
rαp+N−1 dr

	tk�  � �yWtsn� 0 < αp+N An§d�  A� �Ð�∫ 1

0
rαp+N−1 dr =

1

αp+N
rαp+N

∣∣∣1
0

=
1

αp+N
<∞.

w¡¤ . lim
ε↓0

εαp+N =∞  wk� ,¢tn� ry�  wk§ ��As�� �t`m�� ��Akt��  �� 0 > αp+N  A� �Ð� A��

.(1) ¥�Akt�� ¢n�¤ .αp+N − 1 = −1  A� �Ð� ¢tn� ry� ��@�

:(αp+N 6= 0 T�A� ¨�) T�Atk� ¢nybtn� (2) ¥�Akt�� A��∫
cU
|ψ(x)|p dx =

∫
RN
|ψ(|x|)|pχcU (|x|) dx

= σN

∫ ∞
0
|ψ(r)|pχcU (r)rN−1 dr

= σN

∫ ∞
1

rαp+N−1 dr

=
1

αp+N
rαp+N

∣∣∣∞
1

=
1

αp+N

[
lim
b→∞

bαp+N − 1
]
.

¨��t� αp + N = 0 T�A� ¨� A�� .0 > αp + N T�A� ¨� Xq� Tyhtn�  wk� T§Ahn��  � A¡dn� �R�¤

.(2) ¥�Akt�� �bt§ �@¡ .¢tn� ry� ��Akt��  wk§¤ ¨`ybW�� ¨mt§CA�wl�� ��At�A� Tl�Akm��
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26 �A�A�t�¯� �wl� 2 Tl�Akm��¤ xAyq�� T§r\�

Ty�Attm�� �kt�¤ Ayqyq� � d� 1 < p < ∞ ¤ Ω =]0, 1[ �A�m�� �ky� ���r�� �§rmt�� .4.20

.Ω 3 x ,un(x) = n1/pe−nx

(.��wm�� �h� �¤A�) . lim
x↓0

un(x) = n1/p
 ±  ¤d�� ry� {un}∞n=1 Ty�Attm��  � (1

 wk§ 0 < x ��� �� ¢�� w¡ �@¡ 	bF¤ .�¤d`m�� ��At�� w�� Ω ¨� TVAsb� 
CAqt� Ahnk�

:T�ytn�� ¢n�¤ 0 ≤ n1/pe−nx ≤ n−1+1/px−1
 � �zlts§ ©@�� r�±� enx > nx

lim
n→∞

un(x) = 0, ∀x ∈ Ω.

:An§d� ¢�� (2

‖un‖pLp(Ω) =

∫ 1

0
ne−npx dx = −1

p
e−npx

∣∣∣1
0

=
1

p
(1− e−np) ≤ 1

p

.
= Mp.

.N? 3 n  A� Amh� ,‖un‖Lp(Ω) ≤M  Ð�

: � «r� ��As�� 
As��� �� (3

lim
n→∞

‖un − 0‖pLp(Ω) = lim
n→∞

1

p

(
1− e−np

)
=

1

p
·

.Lp(Ω) ºASf�� ¨� �¤d`m�� ��At�� w�� {un}∞n=1 Ty�Attm�� 
CAqt� ¯ �@�¤

d�w§ .Cc(Ω) 3 v  Ð� �ky� .Ω ¨� T}�rt� ��dnF ��Ð¤ rmtsm�� ���wt�� T�A�� ¯¤� �dbn� (4

:	tk�  � Annkmy� P�Ant� un ��At��  � Am�¤ .supp v ⊂ [a, 1[ �� 0 < a < 1 �y�� a  d� A¡dn�∫
Ω
|unv| dx =

∫ 1

a
un|v| dx ≤ n1/pe−na

∫ 1

0
|v| dx.

 � �zlts§ �@¡

lim
n→∞

∫ 1

0
unv dx = 0, ∀ v ∈ Cc(Ω).

¨� �y�� Cc(Ω)  � Am� .
1
p + 1

p′ = 1  �� �r`m��  d`�� w¡ p′ �y� Lp
′
(Ω) 3 v  µ� �ky�

����  d� 0 < β �y� ‖v − v0‖Lp′ (Ω) ≤ βε �y�� Cc(Ω) 3 v0 d�w§ 0 < ε ��� �m� Lp
′
(Ω)

:(Cd�w¡ Tn§Abt� �d�ts�) An§d� .��¯ �¤ Y�� £CAyt��∣∣∣ ∫
Ω
unv dx

∣∣∣ =
∣∣∣ ∫

Ω
un(v − v0 + v0) dx

∣∣∣
≤

∣∣∣ ∫
Ω
unv0 dx

∣∣∣+ ‖un‖Lp(Ω)‖v − v0‖Lp′ (Ω)

≤
∣∣∣ ∫

Ω
unv0 dx

∣∣∣+Mβε.

 wk§ �y�� n0 ¨`ybV  d� d�w§ ¢�� An� �ybt§ ��¥s�� �@¡ ¨� Y�¤±� wW��� An�d�tF� �Ð�

β = (2M)−1
A�rt�� �Ð� An��  µ� �R�¤ .n0 ≤ n �� N 3 n  A� Amh� ,

∣∣ ∫
Ω unv0 dx

∣∣ ≤ ε/2 An§d�

:An§d�  wk§∣∣∣ ∫
Ω
unv dx

∣∣∣ ≤ ε

2
+
ε

2
= ε, ∀n ≥ n0.

.Lp
′
(Ω) 3 v  A� Amh� lim

n→∞

∫
Ω unv dx = 0  � b�� �@¡
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2011/09/10  A�t�� �� .21

T�CAqt� .un(x) = x2/(n4x4 + 1)  �� R Yl� T�r`m�� {un}∞n=1 Ty�Attm�� �¤±� �§rmt�� �� .1.21

An§d�¤ un(0) = 0  � �Ð� R Yl� u∞ ≡ 0 ��At�� w�� TVAsb�

0 ≤ un(x) ≤ 1

n4x2
, ∀x ∈ R?.

 � Am�

u′n(x) = 2x
1− n4x4

(n4x4 + 1)2
, ∀x ∈ R

©¤As� x = ± 1
n �ytWqn�� dn� TqlW� ¤C@� �tmt§ un ��At��  ��

max
R
|un| = un

(
± 1

n

)
=

1

2n2

�@�¤

sup
R
|un − u∞| = ‖un − u∞‖L∞(R) =

1

2n2
−→
n→∞

0.

An§d� .[1,∞[3 p  µ� �ky� .L∞(R) ¨� u∞ w�� {un}∞n=1 Ty�Attm�� 
CAq� ¨n`§ �@¡

un(x) =
x2

n4x4 + 1
≤ x2

x4 + 1

.
= u1(x), ∀x ∈ R

: ¯ �@¡¤ ;Lp(R) Y�� ¨mtn§ u1 �myhm�� ��At�� ��∫
R

(x2)p

(x4 + 1)p
dx = 2

∫ ∞
0

x2p

(x4 + 1)p
dx

= 2

∫ 1

0

x2p

(x4 + 1)p
dx+ 2

∫ ∞
1

x2p

(x4 + 1)p
dx

≤ 2

∫ 1

0
x2p dx+ 2

∫ ∞
1

x2p

x4p
dx

≤ 2 +
2

1− 2p
lim
b→∞

1

x2p−1

∣∣∣b
1

= 2 +
2

2p− 1
< +∞.

u∞ ≡ 0 w�� ��@� 
CAqt� {un}∞n=1 Ty�Attm��  � �y�wl� Tnmyh�A� 
CAqt�� Tn¡rb� �� A¡dn� �tn§

.[1,∞[3 p  A� Amh� Lp(R) ¨�

 �� B = {(x, y) ∈ R2 | x2 + y2 < 1
2} rk�� Yl� �r`m�� ϕ ��At�� ¨�A��� �§rmt�� �� .2.21

ϕ(x, y) =
∣∣ ln√x2 + y2

∣∣−α (x2 + y2)−1/2, (x, y) ∈ B \ {(0, 0)}, ϕ(0, 0) = 0,

.�¤d`� AhFAy� ¨t�� �}±� TWq� dn� �d� B ¨� rmts�  ± xwy� ,	�w� ¨qyq�  d� α �y�

	tk�  � Annky� (©¤rk�� ¤�) ¨�A`K�� rZAnt�A� �tmt§ ϕ ��At��  � Am�¤∫
B
|ϕ(x, y)|2 dx dy =

∫
B

∣∣ ln√x2 + y2
∣∣−2α

(x2 + y2)−1 dx dy

= 2π

∫ 1/2

0
| ln r|−2α r−2 r dr

= 2π

∫ 1/2

0
(− ln r)|−2α dr

r
, t = − ln r ry�tm�� �§db�

= 2π

∫ ∞
ln 2

t−2α dt =
2π

1− 2α
lim
b→∞

t1−2α
∣∣∣b
ln 2
.
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28 �A�A�t�¯� �wl� 2 Tl�Akm��¤ xAyq�� T§r\�

 wk� Yt�¤ .¢tn� ry� T�A��� £@¡ ¨� ��Akt��  ± α 6= 1
2  � ry�±� ��Akt�� 
As� ¨� AnRrt��

	�y� L2(B) Y�� ϕ ��At�� ¨mtn§ Yt� , Ð� .1 − 2α < 0  wk§  � ¨�bny� Tyhtn� Tq�As�� T§Ahn��

.
1
2 < α  d`�� CAyt��

I = [−1, 1] Q�rtm�� �A�m�� Yl� rmts� f(x) = 2xχI(x) ��At��  � Am� ��A��� �§rmt�� �� .3.21

 A� Amh� Lp(R) Y�� ¨mtn§ g(x) = 1
x2+1

��At��  � Am�¤ L1(R) Y�� ¨mtn§ ¨h� ¢�A� �¤d`�¤

:An§d� ,R 3 x ��� ��¤ .�dy� �r`� f ? g �l�� º�d�  �� [1,∞] 3 p

(f ? g)(x) =

∫
R
f(x− y)g(y) dy

=

∫
x−y∈supp f

f(x− y)g(y) dy

=

∫ x+1

x−1

2(x− y)

y2 + 1
dy

= 2x[arctan(x+ 1)− arctan(x− 1)]− ln(y2 + 1)
∣∣∣x+1

x−1

= 2x[arctan(x+ 1)− arctan(x− 1)] + ln
(x− 1)2 + 1

(x+ 1)2 + 1
·

���r�� �§rmt�� �� .4.21

�k� ¨¡ vn(x) = n
n2x2+1

 �� J = [0, 1] Yl� T�r`m�� {vn}n≥1 Ty�Attml� TWysb�� T§Ahn�� (1

.]0, 1] 3 x  A� Amh� v∞(x) = 0 ¤ v∞(0) =∞  �� �r`m�� v∞ ��At�� �wR¤

:	tk�  � Annkmy� J Yl� Ayl� ¢bJ �¤d`� v∞ ��At��  � Am� (2∫
J
|vn − v∞| dx =

∫ 1

0

n

n2x2 + 1
dx, t = nx ry�tm�� �§db�

=

∫ n

0

1

t2 + 1
dt = arctann.

.L1(J) ¨� v∞ w�� {vn}n≥1 
CAqt� ¯ �@� . lim
n→∞

∫
J |vn − v∞| dx = π/2  Ð�

An§d� ,�k�∫ 1

a
|vn − v∞| dx =

∫ 1

a

n

n2x2 + 1
dx, t = nx ry�tm�� �§db�

=

∫ n

na

1

t2 + 1
dt

= arctann− arctan(na), Tyhtnm�� ��d§�zt��

=
n− na

[na+ θn(n− na)]2 + 1
, θn ∈ ]0, 1[

≤ n− na
[na]2 + 1

≤ 1− a
na2

.0 < a < 1  A� Amh� L1([a, 1]) ¨�  C�¤ 
CAqt��  wk§¤ lim
n→∞

∫ 1
a |vn−v∞| dx = 0  � ¨n`§ �@¡
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:An§d� {x vn}n≥1 Ty�Attm�� P�§Amy� (3∫ 1

0
|xvn − v∞| dx =

∫ 1

0

xn

n2x2 + 1
dx, t = nx ry�tm�� �§db�

=

∫ n

0

t

t2 + 1

dt

n

=
1

2n
ln(t2 + 1)

∣∣∣n
0

=
1

2n
ln(n2 + 1) ≤ 1

2n
ln(2n2) =

ln 2

2n
+

lnn

n
·

.L1(J) ¨� v∞ w�� {x vn}n≥1 Ty�Attm��  Ð� 
CAqt� . lim
n→∞

∫ 1
0 |xvn − v∞| dx = 0 ¢n�¤

:An§d� .A�Am� 	�w� ,min
J
h = gm ,h rmtsm�� ��At�� {yS�  � |rfn� (4

∫ 1

0
|hvn − 0| dx =

∫ 1

0

hn

n2x2 + 1
dx

≥ gm

∫ 1

0

n

n2x2 + 1
dx = gm arctann.

 Ð�

lim inf
n→∞

∫ 1

0
|hvn − 0| dx ≥ lim inf

n→∞
(gm arctann) = gm

π

2
> 0.

.L1(J) ºASf�� ¨� �¤d`m�� ��At�� w�� 
CAqt� ¯ {h vn}n≥1 Ty�Attm�A� �@�¤

0 < δ d�wy� ,h(0) = 0 �� 0 TWqn�� dn� rmts� h ��At��  � Am� .Ayqyq� � d� 0 < ε �ky� (5

�y��

0 ≤ h(x) ≤ cε, ∀x ∈ [0, δ],

:	tkn� .£CAyt�� ��¥§ A�Am� 	�w� �A� c �y�∫ 1

0

hn

n2x2 + 1
dx =

∫ δ

0

hn

n2x2 + 1
dx+

∫ 1

δ

hn

n2x2 + 1
dx

≤ cε

∫ δ

0

n

n2x2 + 1
dx+ max

J
h

∫ 1

δ

n

n2x2 + 1
dx

≤ cε
π

2
+ max

J
h

∫ 1

δ

n

n2x2 + 1
dx

�y�� n0 ¨`yV  d� d�wy� ,(2) ��¥sl� Aq�¤ , lim
n→∞

∫ 1
δ

n
n2x2+1

dx = 0  � Am�¤

∫ 1

δ

n

n2x2 + 1
dx ≤ cε, ∀n ≥ n0 ≤ n.

An§d�  wky� c−1 = π
2 + max

J
�y�� c  d`�� A�rt�� A� �Ð� An�� @¶dn� �R�¤

∫ 1

0

hn

n2x2 + 1
dx ≤ ε, ∀n ∈ N, n ≥ n0.

.L1(J) ºASf�� ¨� �¤d`m�� ��At�� w�� 
CAqt� {h vn}n≥1  � y�§ �@¡
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30 �A�A�t�¯� �wl� 2 Tl�Akm��¤ xAyq�� T§r\�

2012/03/15  A�t�� �� .22

�¤±� �§rmt�� .1.22

�y`�At�� ¨�Ay� �y�  w�wm�� ©wtsm�� Xq� �� zy��� �@¡  wkt§ :D zy��� �FC (�)

.x 7−→
√

1 + x2 = `(x) ¤ x 7−→
√

9− x2 = k(x)

T��d�� Am¡ �yFwy� �y`�A� º�d�� xwy� ¢�± R2
Yl� �wm� f(x, y) = xyχD(x, y) ��At�� (
)

�� .(x, y) 7→ xy rmtsm�� ��At��¤ (` ¤ k �y`�At�� C�rmtF� �� ��A� �@¡¤) D �l�m�� ºz�l� zymm��

w¡ λ2)  Ð� .R Yl� |f(x, y)| ≤ 2 × 3 �� R = [−2, 2] × [1, 3] �yWtsm�� �CA� �¤d`� f ��At��  �

:(R2
Yl� �y�w� xAy�∫

R2

|f(x, y)| dxdy ≤ 6λ2(R) = 48 <∞.

:x �� y Y�� Tbs� Tl�Akm�A�¤ ¨ny�w� Tn¡rbm� Aq�¤ ,An§d� .R2
Yl� f ��At�� ��Ak� 
As�∫

R2

xyχD(x, y) dxdy =

∫ 2

−2

[ ∫ √9−x2

√
x2+1

xy dy

]
dx

=
1

2

∫ 2

−2
xy2
∣∣∣y=
√

9−x2

y=
√
x2+1

dx

=
1

2

∫ 2

−2
x(9− x2 − x2 − 1) dx =

∫ 2

−2
x(4− x2) dx = 0.

¨¡ 
As��� ¨� �¡As� ¨t�� y �y�  � «r� D zy��� �FC Y�� r\n�Ab� ��As�� 	y�rt�� Hk`� A��

��¤

√
5 Y�� 1 �� y Y�� Tbs� Tl�Akm�� Anyl� �y`t§ zy��� �kJ ��¤ 3 ¤ 1 �y�  w�wm�� �l�

D zy��� �� [1, 3] 3 y Ah�¯ A`� ¨t�� Tyq�±� �Amyqtsm�� �A`VAq� �yy`� d`�¤ .3 ¨�� Tmyq�� £@¡

:An§d� ¢�� «r�∫
R2

xyχD(x, y) dxdy =

∫ √5

1

[ ∫ √y2−1

−
√
y2−1

xy dx

]
dy +

∫ 3

√
5

[ ∫ √9−y2

−
√

9−y2
xy dx

]
dy

=
1

2

∫ √5

1
yx2

∣∣∣∣x=
√
y2−1

x=−
√
y2−1

dy +
1

2

∫ 3

√
5
yx2

∣∣∣∣x=
√

9−y2

x=−
√

9−y2
dy

=
1

2

∫ √5

1
y[y2 − 1− (y2 − 1)] dy +

1

2

∫ 3

√
5
y[9− y2 − (9− y2)] dy = 0.
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¨�A��� �§rmt�� .2.22

ϕn(x) = nϕ(n(x+n))  � Am§¤ .I �A�m�� w¡ ϕ dnF  Ð� .I = [0, 1] �� ϕ(x) = (1−x)χI(x) An§d� (�)

Yl�¤ .suppϕn = [−n,−n + 1
n ] ¢yl�¤ 0 ≤ n(x + n) ≤ 1 �q�� ¨t�� x Xq� �� ϕn dnF  wkty�

T`Wq�� �� ϕn  Ay�  wkt§ ,�¤d`� ry� w¡ �y� ,¢yl�¤ .ϕn(x) = n(1 − n(x + n)) An§d� dns��

.Ty�At�� �A�Ayb�� ¢n�¤ .(−n+ 1
n , 0) TWqn�� Y�� �O�¤ (−n, n) TWqn�� �� �lWn� Yt�� Tmyqtsm��

-
x

6y

.

.................
.................

.................
.... ϕ
1

1

.

.................
.................

.................
.... ϕ1

−1

.

..............
..............
..............
..............
..............
..............
.....
ϕ2

−2 −3
2

2

.

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.

−n −n+ 1
n

n

.ϕ∞ ≡ 0 �¤d`�� ��At�� w�� TVAsb� T�CAqt� Ty�Attm��

2012/09/06  A�t�� �� .23

�@¡¤ .L1(R) Y�� ¨mtn§ f ��At��  wk� �dy� �r`� f ? f �l�� º�d�  � �¤±� �§rmt�� �� .1.23

An§d�¤ xwy� f  ±∫
R
|f(x)| dx =

∫ ∞
0

e−x dx = 1 <∞.

 � �wq� ¨t�� T�®`�� Ty�ytnl� Aq�¤ �@¡¤ f ? f ⊂ J An§dl� dns�� P�§ Amy�¤

supp (f ? f) ⊂ supp f + supp f = J.

 A� 0 ≤ x  A� �Ð� .R 3 x  µ� �ky�

(f ? f)(x) =

∫ ∞
−∞

e−(x−y)χJ(x− y)e−yχJ(y) dy

=

∫
J∩]−∞,x]

e−(x−y)e−y dy = 0.

 A� 0 < x  A� �Ð�¤

(f ? f)(x) =

∫ ∞
−∞

e−(x−y)χJ(x− y)e−yχJ(y) dy

=

∫
J∩]−∞,x]

e−(x−y)e−y dy =

∫ x

0
e−x dy = xe−x.

.R 3 x  A� Amh� (f ? f)(x) = xe−xχ[0,+∞[(x)  Ð�
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.T = {(x, y) ∈ R2 | 0 ≤ x ≤ 1, 0 ≤ y ≤ x} �l�m�� w¡ Tl�Akm��  �dy� ¨�A��� �§rmt�� �� .2.23

xwy� f(x, y) = 1
|x|+|y|+1χT (x, y) ��At��  wk�  w�w� L ��Akt�� .T �l�ml� zymm�� T��d�� χT �kt�

	tk�  � Annkm§ .ºz��� �@¡ �CA� �¤d`�¤ T Q�rtm�� Yl� rmts� ¢�� Ð� ¢tn� ¢l�Ak�¤ R2
Yl�

(¨ny�w� Tn¡rbm� Aq�¤)

L =

∫
T

dx dy

(x+ y + 1)α+1
=

∫ 1

0

[ ∫ x

0

dy

(x+ y + 1)α+1

]
dx

= − 1

α

∫ 1

0

[ ∫ x

0

∂

∂y

{ 1

(x+ y + 1)α

}
dy
]
dx

= − 1

α

∫ 1

0

[ 1

(2x+ 1)α
− 1

(x+ 1)α

]
dx.

:�k�∫ 1

0

dx

(2x+ 1)α
=

1

2(1− α)

1

(2x+ 1)α−1

∣∣∣1
x=0

=
1

2(1− α)

[ 1

3α−1
− 1
]
,∫ 1

0

dx

(x+ 1)α
=

1

(1− α)

1

(x+ 1)α−1

∣∣∣1
x=0

=
1

(1− α)

[ 1

2α−1
− 1
]
.

:¢n�¤

L =
31−α − 22−α + 1

2α(α− 1)
·

:d�n� y Y�� Tbs� �� x Y�� Tbs� ¯¤� ��Ak�  � L 
As�� A`bV Annkm§

L =

∫
T

dx dy

(x+ y + 1)α+1
=

∫ 1

0

[ ∫ 1

y

dx

(x+ y + 1)α+1

]
dy

= − 1

α

∫ 1

0

[ ∫ 1

y

∂

∂x

{ 1

(x+ y + 1)α

}
dx
]
dy

= − 1

α

∫ 1

0

[ 1

(y + 2)α
− 1

(2y + 1)α

]
dy

= − 1

α

[ 1

1− α

{ 1

3α−1
− 1

2α−1

}
− 1

2(1− α)

{ 1

3α−1
− 1
}]

=
31−α − 22−α + 1

2α(α− 1)
·

��A��� �§rmt�� �� .3.23

(�§rmt�� �AyRr�¤ �m`m�� ��Akt�� �§r`� ��d�tFA�) An§d� .1.3.23∫ +∞

0
P (x)e−x dx = lim

b→+∞

∫ b

0
P (x)e−x dx

= − lim
b→+∞

∫ b

0
P (x)(e−x)′ dx

= − lim
b→+∞

[
P (x)e−x

∣∣∣b
x=0
−
∫ b

0
P ′(x)e−x dx

]
= − lim

b→+∞

[
P (b)e−b − P (0)−

∫ b

0
P ′(x)e−x dx

]
= P (0) +

∫ +∞

0
P ′(x)e−x dx
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An§d�¤ 
CAqt�

∫ +∞
0 P (x)e−x dx ��Akt��  Ð�∫ +∞

0
P (x)e−x dx = P (0) +

∫ +∞

0
P ′(x)e−x dx.

Yl� �O�n� x =
√
t ry�tm�� ¨� �§dbt�� º�r��� ¯¤� �db� �ybW� .2.3.23∫ +∞

0
te−
√
t dt = 2

∫ +∞

0
x3e−x dx,

¨¡¤) Tqq�� Tqbs�� ��¥s�� �AyRr�  � �� d��t�  � �nkm§¤ .P (x) = x3
An¡ .dt = 2x dx  � Ð�

: A�§³ (�y�r�) Tq�As�� T�®`�� �ybW�  Ð� �mky� (T§ ¤d� �� ��� �� Tqq�� ���w�� ¨�∫ +∞

0
te−
√
t dt = 2

∫ +∞

0
x3e−x dx

= 2× 3

∫ +∞

0
x2e−x dx = 2× 3× 2

∫ +∞

0
e−x dx = 12.

���r�� �§rmt�� �� .4.23

.u0 = −χ[−1,0] + χ[0,1] @�� ®�� ¨fk§ .1.4.23

º�r��� .[−1, 1] Q�rtm�� �A�m�� Yl� �rmts�¤ R Yl� A�r`� Ayqyq� A`�A� ϕ �ky� .5.23

:	tk�  � �yWts� t = nx ry�tm�� ¨� �§dbt��∫ 1

−1
un(x)ϕ(x) dx =

∫ n

−n
u(t)ϕ

( t
n

)
dt

=

∫ n

−n
u(t)

[
ϕ
( t
n

)
− ϕ(0)

]
dt+ ϕ(0)

∫ n

−n
u(t) dt

=

∫
R
vn(t) dt+

∫
R
wn(t) dt,

�y�

.wn(t) = χ[−n,n](t)u(t) ¤ vn(t) = χ[−n,n](t)u(t)
[
ϕ
( t
n

)
− ϕ(0)

]
ϕ ��At�� C�rmtF� �� �tn§ @¶dn�¤ .R Yl� Ayl� ¢bJ ¨htn� wh� L1(R) Y�� ¨mtn§ u ��At��  � Am�

 �� [−n, n] �A�m�� �CA� �¤d`� vn  � Am�¤ .R Yl� Ayl� ¢bJ lim
n→∞

vn(t) = 0  � 0 dn�

.‖ϕ‖E = max
x∈[−1,1]

|ϕ(x)| �y� |vn| ≤ 2‖ϕ‖E |u|

 � �y�wl� Tnmyh�A� 
CAqt�� Tn¡rb� A¡dn� �mSt� �wm� ��A� ‖ϕ‖E |u  � Am�

lim
n→∞

∫
R
vn dt = lim

n→∞

∫
R
χ[−n,n](t)u(t)

[
ϕ
( t
n

)
− ϕ(0)

]
dt = 0.

 wk� Tnmyh�A� 
CAqt�� Tn¡rb� ��d�tFA� ��@� �ty� Yqbm�� ��Akt�� ¨� T§Ahn�� Y�� C¤rm�� A��

 Ð� .|wn| ≤ |u| �� Ayl� ¢bJ lim
n→∞

wn = u

lim
n→∞

∫
R
wn dt =

∫ ∞
−∞

u dt = 0.

 � Yl� An¡r� ,T}®��� ¨�¤

lim
n→∞

∫ 1

−1
un(x)ϕ(x) dx = 0, ∀ϕ ∈ E.
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2013/02/06  A�t�� �� .24

.�y�w� xAyq�¤ Tyl§Cwb�� ¢�ryK`� (¢n� ºz� ©� ¤� R2
¤�) R  ¤z� ¨l§ A� �� ¨�

[−1, 1] �A�m�� Yl� �t§ x ry�tm�� Y�� Tbsn�A� ��Akt��  � Am� (�) �¤±� �§rmt�� �� .1.24

�� y Y�� Tbs� ��Akt�� �t§ [−1, 1] 3 x ��� ��¤ .[−1, 1]×R X§rK�� ¨� ���¤ Tl�Akm��  �dy�  ��

.y2 = 1−x2
An§d� ¢�� «r� �yt�A��� ¨� �y�rt�A�¤ .y =

√
1− x2 TWqn�� Y�� y = −

√
1− x2 TWqn��

T� A`m�� ��Ð r¶�d�� r�¤ Yl� �t§ y Y�� Tbs� ��Akt�A� [−1, 1] 3 x �� ��� �� ¢�� ¨n`§ �@¡

Qrq�� ¨W�§ ���wm�� r�w�A� −1 Y�� 1 �� ry�t§ x �`��¤ .x ¢tl}A� ©@�� x2 + y2 = 1

Q = {(x, y) ∈ R2 | x2 + y2 ≤ 1},

:�Fr�� ¢n�¤ .
wlWm�� Tl�Akm��  �dy� w¡¤

-
x

6y

Q
@
@@R

x

��Akt�� ¨� Tl�Akm��  �dy�∫ 1

−1

(∫ √1−x2

−
√

1−x2
u(x, y) dy

)
dxqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqq qqqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqqq qqqqqqqqqq qqqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqqq qqqqqqqqqq qqqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqq qqqqqqqqqq qqqqqqqqqq

qqqqqqqqqqqqqqqqqqq
(x,−

√
1− x2)

(x,
√

1− x2)

�

�
��	

1−1

1

−1

.u(x, y) =
1

1 + x2 + y2
��At�� T�A� ¨� ��Akt�� �@¡ 
As� (
)

CwtFd�� ��d�tF� Annmky� u ��At�� ��@�¤ ¨�A`K�� rZAnt�A� �tmt§ Tl�Akm��  �dy�  � Am�

�Ð� .[0,+∞[ �A�m�� Yl� ��Ak� Y�� Ay�A`J rZAnt� ��At� ©wtsm�� Yl� ��Ak� 
As� �w�§ ©@��

© ¥§ �@¡ .Qrq�� �CA� �¤d`� Ay�A`J rZAnt� ��A� Yl� �O�n� Qrq�� �CA� 0 þ� u ��At��  d�

:¨l§ A� Y��∫
Q

dxdy

1 + x2 + y2
= 2π

∫ 1

0

rdr

1 + r2
= π

∫ 1

0

d(1 + r2)

1 + r2
= π ln(1 + r2)

∣∣∣1
0

= π ln 2.

�@¡ Yl� rmts� ¢�± R2
Yl� xwy� f(x, y) = |x− y| ¨qyq��� ��At�� ¨�A��� �§rmt�� �� .2.24

,R2
�� (x′, y′) ¤ (x, y) ��� �� ¢�� �Ð� ztyKby� ªrJ �q�§ ¢�w� �� ¨��§ C�rmtF¯�¤ ºASf��

:An§d�

|f(x, y)− f(x′, y′)| = ||x− y| − |x′ − y′||

≤ |x− x′ + y′ − y|

≤ |x− x′|+ |y − y′| .= ‖(x, y)− (x′, y′)‖1

.1 ©¤As§ �A�� ©ztyKby�  � �yb§ �@¡¤

.C =]0, 1[×]0, 1[ �y�
∫
C f(x, y) dxdy ��Akt�� 
As�
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:¨ny�w� Tn¡rbm� Aq�¤ ,An§d�∫
C
|x− y| dxdy =

∫ 1

0

[ ∫ 1

0
|x− y| dy

]
dx

:�k�∫ 1

0
|x− y| dy =

∫ x

0
(x− y) dy +

∫ 1

x
(y − x) dy

= x2 − 1

2
y2
∣∣∣x
0

+
1

2
y2
∣∣∣1
x
− x(1− x)

= x2 − 1

2
x2 +

1

2
(1− x2)− x+ x2 = x2 − x+

1

2
·

: Ð�∫
]0,1[×]0,1[

|x− y| dxdy =

∫ 1

0

(
x2 − x+

1

2

)
dx

=
1

3
x3
∣∣∣1
0
− 1

2
x2
∣∣∣1
0

+
1

2
=

1

3
·

.A�wtf� �¤±� ��r�� Ω =]0,+∞[×]0,+∞[ �ky� ��A��� �§rmt�� �� .3.24

xwyq�� ºz��� Yl� CAOt�� ¢�± xwy� g(x, y) = e−xy  �� Ω ¨� �r`m�� g ¨qyq��� ��At�� (�)

.R2 3 (x, y) 7−→ e−xy ∈ R ��At�� w¡ ¢lm��� R2
Yl� rmts� ��At� Ω

:An§d� .£CAt�� ©@�� 	y�rt�A� Tl�Akm�A� �ms� ¨ly�w� Tn¡rbm� 	�w� g ��At��  � Am� (
)∫
Ω
g(x, y) dxdy =

∫ ∞
0

[ ∫ ∞
0

e−xy dy

]
dx

=

∫ ∞
0

−1

x
e−xy

∣∣∣y=+∞

y=0
dx

=

∫ ∞
0

dx

x
≥
∫ ∞

1

dx

x
= lnx

∣∣∣∞
1

= +∞.

.L1(Ω) Y�� ¨mtn§ ¯ g ��At��  Ð�


As�� Aq�¤) An§d� . Ayqyq�  � d� β > α > 0 �y� S =]0,+∞[×]α, β[ X§rK�� �ky� (þ�)

:(��AF

M
.
=

∫ β

α

[ ∫ ∞
0

e−xy dx
]
dy =

∫ β

α

dx

x
= lnβ − lnα = ln

(β
α

)
<∞.

.L1(S) Y�� g ��At�� ¨mtn§  Ð�

	tk�  �� �ms� ¨ny�w� Tn¡rbm� L1(S) Y�� ¨mtn§ g ��At��  � Am� ( )

M =

∫ ∞
0

[ ∫ β

α
e−xy dy

]
dx

=

∫ ∞
0

−1

x
e−xy

∣∣∣y=β

y=α
dx =

∫ ∞
0

e−αx − e−βx

x
dx.

��As�� ��¥s�� ��¤ ¢n�¤∫ ∞
0

e−αx − e−βx

x
dx = ln

(β
α

)
.
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��rm�� ¨� rmts� h(x, y) =
xy(x2 − y2)

(x2 + y2)3
¨qyq��� ��At��  � Am� ���r�� �§rmt�� �� .4.24

.��rm�� �@¡ ¨� xwy� wh� C =]0, 1[×]0, 1[ �wtfm��

:An§d� .
∂

∂x

(
−x2

(x2 + y2)2

)
¹z��� �tKm�� 
As� --- (�)

∂

∂x

(
−x2

(x2 + y2)2

)
= −2x(x2 + y2)2 − 2x2(x2 + y2)(2x)

(x2 + y2)4

= − 2x

(x2 + y2)3
[x2 + y2 − 2x2]

= 2
x(x2 − y2)

(x2 + y2)3
·

:T�Atk�� �� Tq�As�� T�ytn�� Annkm�

K =

∫ 1

0

[ ∫ 1

0

xy(x2 − y2)

(x2 + y2)3
dx
]
dy

=
1

2

∫ 1

0

[
y

∫ 1

0

∂

∂x

( −x2

(x2 + y2)2

)
dx
]
dy

=
1

2

∫ 1

0
y

−x2

(x2 + y2)2

∣∣∣x=1

x=0
dy

=
1

2

∫ 1

0

−y
(1 + y2)2

dy =
1

4

∫ 1

0

d

dy

( 1

1 + y2

)
=

1

4

1

1 + y2

∣∣∣1
0

= −1

8
·

 � T\�®m�� Yl� dmt`y� L =

∫ 1

0

[ ∫ 1

0
h(x, y) dy

]
dx C�dqm�� 
As� A��

∂

∂y

(
y2

(x2 + y2)2

)
= 2

y(x2 − y2)

(x2 + y2)3
·

:An§d� ¨�At�A�¤

L =
1

2

∫ 1

0

[
x

∫ 1

0

∂

∂y

( y2

(x2 + y2)2

)
dy
]
dx

=
1

2

∫ 1

0
x

y2

(x2 + y2)2

∣∣∣y=1

y=0
dx

=
1

2

∫ 1

0

x

(1 + x2)2
dx = −1

4

∫ 1

0

d

dx

( 1

1 + x2

)
= −1

4

1

1 + x2

∣∣∣1
0

=
1

8
·

.K 6= L  Ð�

Tb�w� ¨h� (1, 1) ,(1, 0) ,(0, 0) Xqn�� ¢F¤¦C ©@�� T �l�m�� Yl� h ��At�� CAJ� A�� --- (
)

.¢b�A� �kK�� r\�� .y ≤ x An§d� T �� (x, y) TWq� �� dn�  ±

-
x

6y

0
q

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

T�
����

1

1

(x, y)

x

y

x
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.

∫
T
h(x, y) dxdy ��Akt�� 
As�

:An§d� ,�bFAm� Aq�¤∫
T
h(x, y) dxdy =

1

2

∫ 1

0

[
x

∫ x

0

∂

∂y

( y2

(x2 + y2)2

)
dy
]
dx

=
1

2

∫ 1

0
x

y2

(x2 + y2)2

∣∣∣y=x

y=0
dx

=
1

2

∫ 1

0

x3

(2x2)2
dx =

1

8

∫ 1

0

dx

x
=

1

8
lnx
∣∣∣1
0

= +∞.

 � ��As�� 
As��� �� �tn§∫
C
|h(x, y)| dλ2(x, y) ≥

∫
T
h(x, y) dλ2(x, y) = +∞.

.�y�w� xAy� w¡ λ2 ,L1(C,BC , λ2) ºASf�� Y�� h ��At��  Ð� ¨mtn§ ¯

2013/06/01  A�t�� �� .25

Ahl�¤) �kK�� Hf� Ah� fn ���wt�� �A�Ay� .f1  Ay� ¯¤� �dq�  � �s�ts§ �¤±� ��¥s�� .1.25

.(]−∞, 1] �A�m�� Yl� Tq�AW�A�

	
à@



	
X @

L1(R) úÍ@


ù


Ò
�
J
	
�K
 B (@QÒ

�
J�Ó é

	
KñºË) �ñJ


�
®Ë @ f1 ©K. A

�
JË @

∫
R
f1(x) dx =

∫ 1

−∞
ex x+

∫ ∞
1

e

x
dx

= ex
∣∣∣1
−∞

+ e lnx
∣∣∣∞
1

= e+∞ = +∞.

.1.1.25

]−∞, 1] ÈAj. ÖÏ @ úÎ«
�
é
�
®K. A¢

�
JÓ ©K. @ñ

�
JË @ É¿

	
à


@

�
é

	
¢kC

	
K R úÎ« {fn}∞n=1

�
éJ
ËA

�
J
�
JÒÊË f

�
é¢J
��. Ë @

�
éK
Aî

	
DË @

	á�
J
ª
�
JË

ú


ÍA

�
JËAK. ð . lim

n→∞

e

xn
= 0 A

	
JK
YË 1 < x Ég.


@ 	áÓð . 1 ≥ x 	

àA¿ AÒêÓ f(x) = ex @
	
YËð

lim
n→∞

fn(x) = exχ]−∞,1](x), x ∈ R.
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�
é
�
®J


�
®mÌ'@ ú




	
¯ð .PYËñë
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é
	
JK
AJ.

�
JÓ

�
�J
J.¢

�
�∫

I
|ζ|q dx ≤

(∫
I
|ζ|4 dx

) q
4
(∫

I
1

4
4−q dx

)1− q
4

.

:( 1 ñë I =]0, 1[ �AJ

�
¯

	
à


B) é

	
JÓð

‖ζ‖Lq(I) ≤ ‖ζ‖L4(I), ∀ ζ ∈ L4(I).

:
	
à


@ AÒJ.

	
¯ L4(I) 3 ξ ©K. A

�
K ñm�

	
' ZA
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®Ë @ @

	
Yë ú




	
¯

�
éK. PA

�
®
�
JÓ L4(I) 	áÓ

�
éJ
ËA

�
J
�
JÓ {ξn}∞n=1

�
I

	
KA¿ @

	
X @


	
Y


KY

	
J«

‖ξn − ξ‖Lq(I) ≤ ‖ξn − ξ‖L4(I)
, ∀n ∈ N?,

	
àA¿ AÒêÓ Lq(I) �

H@ZA
	

�
	
®Ë @ É¿ ú




	
¯ ξ ©K. A

�
JË @ �

	
®

	
K ñm�

	
' {ξn}∞n=1

�
éJ
ªK. A

�
JË @

�
éJ
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�
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�
JÖÏ @ H. PA

�
®
�
K

�
IJ.

�
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 @

	
Yê

	
¯

. L2(I) ú



	
¯

�
é�A

	
g

�
é

	
®��.

	
à

	
X@


XP@ð H. PA
�
®
�
JË @ . [1, 4] 3 q

w�� ¢�wm��) z = 3x2 + 3y2
�y§C�¤d�� �y�Ws�� �y� zy��� �q§ (�) ��A��� ��¥s�� .3.26

w¡¤ ,Cw�m�� Hf� Amh� �y�Ws�� �§@¡  � .(�fF±� w�� ¢�wm��) z = 1 − x2 − y2
Á¤ (Yl�±�

:An§d�  wk§ Amhq�AW� dn�¤ ,0z Cw�m��

3x2 + 3y2 = 1− x2 − y2 ⇐⇒ x2 + y2 =
(1

2

)2

�
�J.� AÜØ i.

�
J
	
�K
 .

1
2 ñë AëQ¢

�
¯

	
�

	
�ð

�
éÊ�


B@

�
é¢

�
®

	
K Y

	
J«

�
è 	Q»QÒÖÏ @

�
èQ


K @YË@ ù



ë

	á�
j¢�Ë@ ©£A
�
®
�
K ¡

�
®�Ó

	
à

	
X@


	
à


@

V =
{

(x, y, z) ∈ R3
∣∣∣ (x, y) ∈ D ∧ 3x2 + 3y2 ≤ z ≤ 1− x2 − y2

}
,

ñj
	
JË @ úÎ« ñê

	
¯ V Õæ�P A

�
Ó

@ . D = {(x, y) ∈ R2 | x2 + y2 ≤

(
1
2

)2} 	
à


AK. ù¢ªÖÏ @ �Q

�
®Ë@ ñë D �

IJ
k

. éÊ
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�
®

	
JË AK. PAÖÏ @ ø
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:(
�
éJ.ªºÖÏ @

�
èYgñËAK.) A

	
JK
YË . V Ñm.

k H. A�k (H. )

|V | =

∫
V
dxdydz

=

∫
D

[ ∫ 1−x2−y2

3x2+3y2
dz

]
dxdy

=

∫
D

(1− 4x2 − 4y2) dxdy = 2π

∫ 1
2

0
(1− 4r2)r dr =

π

8
·

���r�� ��¥s�� .4.26

.1.4.26

: R? 3 h Ég.


@ 	áÓ A

	
JK
YË . I =]0, 1[ hñ

�
J
	
®ÖÏ @ ÈAj. ÖÏ @ 	áÓ

�
é¢

�
®

	
K x0

	áº
�
JË

1

h

∫ h

0
[u0(x0 + t)− u0(x0)] dt =

1

h

∫ h

0

( 1

1 + x0 + t
− 1

1 + x0

)
dt

=
ln(1 + x0 + h)− ln(1 + x0)

h
− 1

1 + x0
·

A
	
JK
YËð

�
�A

�
®
�
J

�
�CË ÉK. A

�
¯ ©K. A

�
JË @ @

	
Yë

	
à


@ øQ

	
K , −1 < x �

IJ
k , γ(x) = ln(1 + x) ©
	

�ñK. ð

γ′(x) = lim
h→0

γ(x+ h)− γ(x)

h
= lim

h→0

ln(1 + x+ h)− ln(1 + x)

h
=

1

1 + x

	
à


@ A

	
JË

	á�
J.
�
�K
 , I 3 x0

�
é¢

�
®

	
JË @ Y

	
J«

�
é
�
®K. A�Ë@

�
éj. J


�
�
	
JË @ A

	
J
�
®J.£ AÓ @

	
X @

ð

lim
h→0

1

h

∫ h

0
[u0(x0 + t)− u0(x0)] dt = 0.

. u0 ©K. A
�
JÊË

	
©J
K. ñÊË ù



ë I 	áÓ

�
é¢

�
®

	
K É¿

	
à


@

�
IJ.

�
�K
 @

	
Yë

.2.4.26

u ©K. A
�
JË @ P@QÒ

�
J�@ 	áÓ i.

�
J
	
�K
 . 0 < ε 	áºJ
Ëð .QÒ

�
J�Ó u ©K. A

�
JÊË

�
IJ
k J hñ

�
J
	
®Ë @ ÈAj. ÖÏ @ 	áÓ

�
é¢

�
®

	
K x 	áº

�
JË

: J ⊃ [x− δ, x+ δ] A
	
JK
YË

	
àñºK


�
IJ
m

�'
. 0 < δ Xñk. ð x

�
é¢

�
®

	
K @ Y

	
J«

|u(x+ t)− u(x)| ≤ ε

2
, ∀t ∈ [−δ, δ].

: I.
�
Jº

	
K

	
à


@ ©J
¢

�
��

	
� , |h| ≤ δ �

�
�
®m�'


 h Ég.


@ 	áÓ ,

	
Y


KY

	
J«ð∣∣∣∣1h

∫ h

0
[u(x+ t)− u(x)] dt

∣∣∣∣ ≤ 1

|h|

∫ |h|
−|h|
|u(x+ t)− u(x)| dt ≤ 1

|h|
× 2|h|ε

2
= ε.

:
	
à


@ ú




	
æªK
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�J.� AÓ

	
à


B , J úÎ« u ©K. A

�
JÊË

	
©J
K. ñÊË

�
é¢

�
®

	
K x 	

à

@

�
IJ.

�
�K
 @

	
Yë

lim
h→0

1

h

∫ h

0
[u(x+ t)− u(x)] dt = 0.
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.3.4.26

: A
	
JK
YË . L1(J) 3 u ©K. A

�
JÊË

	
©J
K. ñÊË

�
é¢

�
®

	
K J 3 x0

	áº
�
JË

U(x0 + h)− U(x0)

h
− u(x0) =

1

h

(∫ x0+h

a
u(s) ds−

∫ x0

a
u(s) , ds

)
− u(x0)

=
1

h

∫ x0+h

x0

u(s) ds− u(x0)

(t = s− x0
Q�


	
ª

�
JÖÏ @ ÉK
YJ.

�
K) =

1

h

∫ h

0
u(x0 + t) dt− 1

h

∫ h

0
u(x0) dt

=
1

h

∫ h

0
[u(x0 + t) dt− u(x0)] dt

	
àA



	
¯ u ©K. A

�
JÊË

	
©J
K. ñÊË

�
é¢

�
®

	
K x0

	
à


@ AÖß.ð

lim
h→0

(U(x0 + h)− U(x0)

h
− u(x0)

)
= lim

h→0

∫ h

0
[u(x0 + t)− u(u0)] dt = 0.

. U ′(x0) = u(x0) A
	
JK
YËð u ©K. A

�
JÊË x0

	
©J
K. ñÊË

�
é¢

�
®

	
K É¿ Y

	
J«

�
�A

�
®
�
J

�
�CË ÉK. A

�
¯ U(x) =

∫ x
a u(s) ds ©K. A

�
JË @

	
à

	
X@


2014/02/06  A�t�� �� .27

 �dy�  � Am�¤ ¨�A`K�� rZAnt�A� �tmt§ ¢l�Ak� 
wlWm�� ��At��  � Am� �¤±� �§rmt�� .1.27

T�Akm��

Q = {(x, y) ∈ R2 | x2 + y2 ≤ 1}

An§dl� ,Xys� ��Ak� Y�� YW`m�� ¹An��� ��Akt�� �§w�� �ky� rZAnt�� Hfn� �tmt§∫
Q

ln(1 + x2 + y2)

1 + x2 + y2
dxdy = 2π

∫ 1

0

ln(1 + r2)

1 + r2
r dr

=
π

2

∫ 1

0
{[ln(1 + r2)]2}′ dr

=
π

2
[ln(1 + r2)]2

∣∣1
r=0

=
π

2
[ln 2]2.

 �� �r`m�� D ©wtsm�� zy� �FC (�) ¨�A��� �§rmt�� .2.27

D = {(x, y) ∈ R2 | |x| ≤ 1 ∧ 0 ≤ y ≤ (1− |x|)2}·

,D = D1 ∪D2 �kK�� Yl� ¢t�At� �km§¤ [−1, 1]×R X§rK�� �mR  w�w� ¢mFC 
wlWm�� zy���

�y�

D1 =
{

(x, y) ∈ R2 | −1 ≤ x ≤ 0, 0 ≤ y ≤ (1 + x)2
}
,

D2 =
{

(x, y) ∈ R2 | 0 ≤ x ≤ 1, 0 ≤ y ≤ (1− x)2
}
·
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�Fr�� ¢n�¤

x

y

(1 + x)2 (1− x)2

−1 1

1

D

D1 D2

:An§d� .(1.
) þþ

∫
D
dxdy 
As� (
)

L =

∫
D
dxdy =

∫
D1

dxdy +

∫
D2

dxdy

=

∫ 0

−1

[ ∫ (1+x)2

0
dy
]
dx+

∫ 1

0

[ ∫ (1−x)2

0
dy
]
dx

=

∫ 1

0
(1 + x)2 dx+

∫ 1

0
(1− x)2 dx

=
1

3
(1 + x)3

∣∣∣0
x=−1

− 1

3
(1− x)3

∣∣∣1
x=0

=
2

3
.

:An§d� ¢�� «r� D �FC Y�� r\n�A� .	y�rt�� Hk`� Tl�Akm�� (2.
)

L =

∫ 1

0

[ ∫ 1−√y

√
y−1

dx
]
dy

=

∫ 1

0
[2− 2

√
y] dy = 2− 4

3
y

3
2

∣∣∣1
y=0

= 2− 4

3
= 2

3 .

 A`q§ S2 Á¤ S1 �y� ,¨�At�� �kK�� ¨� Tnyb� f ��At��¤ S2 Á¤ S1  AW§rK�� ��A��� �§rmt�� .3.27

Á¤ x+ 1 ¨�Ay� �y� CwO�� wh� S2 A�� x+ 1 Á¤ x  A`�At�� ¨�Ay� �y� CwO�� S1 Á¤ �¤±� ��r�� ¨�

: x+ 2
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:An§d� .

∫
R

[ ∫
R
f(x, y) dy

]
dx ��Akt�� 
As� (�)

∫
R

[ ∫
R
f(x, y) dy

]
dx =

∫ ∞
0

[ ∫ ∞
0

f(x, y) dy
]
dx

=

∫ ∞
0

[ ∫ x+1

x
dy +

∫ x+2

x+1
(−1) dy

]
dx

=

∫ ∞
0

[1 + (−1) ]dx = 0.

Tbs� Tl�Akm�� dn� 	�§ ¢�� «r� ��As�� �kK�� Y�� r\n�A� .

∫
R

[ ∫
R
f(x, y) dx

]
dy ��Akt�� 
As�

:º�z�� T�®� Y�� T�Akm�� �A�� �ysq� y Y��∫
R

[ ∫
R
f(x, y) dx

]
dy =

∫ 1

0

[ ∫
R
f(x, y) dx

]
dy +

∫ 2

1

[ ∫
R
f(x, y) dx

]
dy

+

∫ ∞
2

[ ∫
R
f(x, y) dx

]
dy

�k�∫ 1

0

[ ∫
R
f(x, y) dx

]
dy =

∫ 1

0

[ ∫ y

0
dx
]
dy =

∫ 1

0
y dy =

1

2
,∫ 2

1

[ ∫
R
f(x, y) dx

]
dy =

∫ 2

1

[ ∫ y−1

0
(−1) dx+

∫ y

y−1
dx
]
dy

=

∫ 2

1
(2− y) dy = −1

2
(2− y)2

∣∣∣2
y=1

=
1

2
,

: � �Ð� ,�¤d`� wh� ��A��� ��Akt�� A��∫ ∞
2

[ ∫
R
f(x, y) dx

]
dy =

∫ ∞
2

[ ∫ y−1

y−2
(−1) dx+

∫ y

y−1
dx
]
dy

=

∫ ∞
2

[
(−1) + 1

]
dy = 0.

.

∫
R

[ ∫
R
f(x, y) dx

]
dy = 1  Ð�

. Aflt�� Amh�As� 
wlWm�� �yl�Akt��  � ^�®�

:(¨f�wbyb� 	y�r�� 
CAqt�� Tn¡rb� �ybW� ¨� ®�� rk�) An§d� ¢�� (
)∫
R2

|f(x, y)| dxdy = lim
n→∞

∫ n

0

[ ∫ x+2

x
dy
]
dx = lim

n→∞
2n = +∞.

.R2
Yl� �wm� ry� f ��At�� , Ð�

�y� ϕn(x) = ϕ(x − n)  �� T�r`� {ϕn}∞n=1 Ty`�At�� Ty�Attm��  � Am� ���r�� �§rmt�� .4.27

w¡ ϕn dnF  �� I = [0, 1] �� ϕ(x) = 3x2χI(x)  �� R Yl� �r`m�� ¨qyq��� ��At�� w¡ ϕ

:¨l§ A� Crb§ �@¡ .ϕn(x) = 3(x− n)2
:An§d� dns�� �@¡ Yl�¤ suppϕn = [n, n+ 1]

�¤d`m�� ry� º�z�±� ¯� ��mu� ¯ �y�) w¡ ϕ2 ,ϕ1 ,ϕ ���wt�� �A�Ay� ,�l`m�� Hf� Yl� ,�FC (�)

:(��A� �� ��

47 �A�A�t�¯� �wl� �yt� �Fw§ .�



48 �A�A�t�¯� �wl� 2 Tl�Akm��¤ xAyq�� T§r\�

dn� ¯� �VAqt� ¯ {ϕn}∞n=1 Ty�Attml� T�wkm�� ���wt�� ��dnF  � Am� .sup
n≥1

ϕn ��At�� �y`� (
)

:An§d� ¢��� A�¤d`� �y`�At�� d��  wk§ �y� r��±� Yl� TWq�

sup
n≥1

ϕn =

∞∑
n=1

ϕn.

:(¨f� wby� Tn¡rb� ��d�tF� ¨� rk�)  Ð�∫
R

(
sup
n≥1

ϕn

)
(x) dx =

∫
R

∞∑
n=1

ϕn(x) dx

=
∞∑
n=1

∫
R
ϕn(x) dx = +∞

 � �Ð�∫
R
ϕn(x) dx =

∫ n+1

n
3(x− n)3 dx = (x− n)3

∣∣∣n+1

n
= 1.

�§C�dqm��  � «r�¤ sup
n≥1

∫
R
ϕn(x) dx = 1  � A¡dn� �R�¤∫

R

(
sup
n≥1

ϕn

)
(x) dx ¤Á sup

n≥1

∫
R
ϕn(x) dx

. Aflt��

©r\n�� xCd�� ¨� �d� ¨t��  ¤d`�� 
d�t�� Tn¡rb� �� {�Ant� ¯ Ahyl� �O�m�� T�ytn��  �

.d§�zt� ry� AW`m�� Ty�Attm��  wk�

dns� T�A`tF¯� �@¡ T§¦r� �yl� .ϕ∞ ≡ 0 ��At��w�� TVAsb� {ϕn}∞n=1 Ty�Attm�� 
CAqt� (þ�)

 � Am�¤ .n �� +∞ Y�� 	¡@§ ©@�� ϕn ��At��∫
R
|ϕn − ϕ∞| dx =

∫
R
ϕn dx = 1,

.L1(R) ¨� ��At��w�� 
CAqt� ¯ {ϕn}∞n=1 Ty�Attm�A�
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2014/09/10  A�t�� �� .28

xwy� h(x, y) = χC(x, y) sign (x− y)e−|x−y| YW`m�� ��At��  � ¯¤� ^�®� �¤±� �§rmt�� .1.28

.TFwy� ���w� º�d�� R2
Yl�

 A�l�m�� Am¡ T2 Á¤ T1 �y� C = T1 ∪ T2 	tk�  � Annkm§ .1.1.28

T1 = {(x, y) ∈ R2 | 0 < y ≤ x <∞}, T2 = {(x, y) ∈ R2 | 0 < x < y <∞}.

¢yl�¤ .T2 3 (x, y)  A� Amh� sign (x− y) = −1 Á¤ T1 3 (x, y)  A� Amh� sign (x− y) = 1  � �R�¤

:(CAbt�¯� �y`� χC zymm�� T��d�� �§r`� @���) An§d�

K =

∫
R

[ ∫
R
h(x, y) dy

]
dx

=

∫ ∞
0

[ ∫ ∞
0

sign(x− y)e−|x−y| dy
]
dx

=

∫ ∞
0

[ ∫ x

0
sign(x− y)e−|x−y| dy +

∫ ∞
x

sign(x− y)e−|x−y| dy
]
dx

=

∫ ∞
0

[ ∫ x

0
e−x+y dy −

∫ ∞
x

ex−y dy
]
dx

=

∫ ∞
0

[
e−xey

∣∣∣y=x

y=0
+ exe−y

∣∣∣y=∞

y=x

]
dx

=

∫ ∞
0

[e−x{ex − 1}+ ex{0− e−x}] dx = −
∫ ∞

0
e−x dx = e−x

∣∣∣∞
0

= −1.

:An§d�¤

L =

∫
R

[ ∫
R
h(x, y) dx

]
dy

=

∫ ∞
0

[ ∫ ∞
0

sign(x− y)e−|x−y| dx
]
dy

=

∫ ∞
0

[ ∫ y

0
sign(x− y)e−|x−y| dx+

∫ ∞
y

sign(x− y)e−|x−y| dx
]
dy

=

∫ ∞
0

[
−
∫ y

0
ex−y dx+

∫ ∞
y

e−x+y dx
]
dx

=

∫ ∞
0

[
− e−yex

∣∣∣x=y

x=0
− eye−x

∣∣∣x=∞

x=y

]
dy

=

∫ ∞
0

[−e−y{ey − 1} − ey{0− e−y}] dy =

∫ ∞
0

e−y dy = −e−y
∣∣∣∞
0

= 1.

.L1(R2) Y�� h ��At�� ¨mtn§  � ,¨ny�w� Tn¡rbm� Aq�¤ ,�km§ ¯ ¢yl�¤ .K 6= L  Ð�

|sign(x, y)| = 1  � ¯¤� ^�®� L1(R2) Y�� ¨mtn§ ¯ h  � �� ¨l`f�� 
As��A� d��tl� .2.1.28

:¨ly�w� Tn¡rb� Yl� � Amt�� ,An§d�¤ R2
Yl�∫

R2

|h(x, y)| dxdy =

∫
C
e−|x−y| dxdy

=

∫ ∞
0

[ ∫ ∞
0

e−|x−y| dy
]
dx

=

∫ ∞
0

[ ∫ x

0
e−x+y dy +

∫ ∞
x

ex−y dy
]
dx

=

∫ ∞
0

[e−x{ex − 1} − ex{0− e−x}]dx =

∫ ∞
0

[2− e−x] dx = +∞.

49 �A�A�t�¯� �wl� �yt� �Fw§ .�



50 �A�A�t�¯� �wl� 2 Tl�Akm��¤ xAyq�� T§r\�

Á¤ f(x) = xe−x
2

 �� R Yl� �y�r`m�� g Á¤ f  Ayqyq���  A`�At�� �ky� ¨�A��� �§rmt�� .2.28

.R 3 x , g(x) = χ[0,∞[(x)

An§d�¤ rmts� ¢�± xwy� f(x) = xe−x
2
��At�� .1.2.28∫

R
|f(x)| dx = 2

∫ ∞
0

xe−x
2
dx = −

∫ ∞
0

[e−x
2
]′ dx = −e−x2

∣∣∣∞
0

= 1.

.L1(R) Y�� f ��At��  Ð� ¨mtn§

T�wm�m�� �kt�

A(g) = {α ≥ 0 | λ({g > α}) = 0}

An§d�  A� 1 ≤ α  A� �Ð� ¢�� �R�¤ .{g > α} = {x ∈ R | g(x) > α} Á¤ �y�w� xAy� w¡ λ �y�

�� ¢��Am�¤ A(f) Y�� [1,∞[ �A�m��  �d�� �� ¨mtn� �@�¤ λ({g > α}) = 0 ¢yl�¤ {g > α} = ∅
 Ð� .λ({g > α}) =∞ �@�¤ {g > α} = [0,∞[ An§d� [0, 1[3 α ���

‖g‖L∞(R) = inf A(g) = 1.

.L∞(R) Y�� g ��At�� ºAmt�� b�§ �@¡

:An§d� .R 3 x �ky� .f ? g �l�� º�d� 
As� .2.2.28

(f ? g)(x) =

∫
R
f(x− y)g(y) dx

=

∫ ∞
0

f(x− y) dy

=

∫ ∞
0

(x− y)e−(x−y)2 dy

=
1

2

∫ ∞
0

d

dy
{e−(x−y)2} =

1

2
e−(x−y)2

∣∣∣y=∞

y=0
= −1

2
e−x

2
.

:r§dqt�� An§d� ,��rRA�m�� ¨� �d� Tn¡rbm� Aq�¤

‖f ? g‖L∞(R) ≤ ‖f‖L1(R) ‖g‖L∞(R) = 1× 1 = 1.

«r�  � �yWts� ��� Ð� T�d�� C¤rS�A� ¨��r§ ¯ w¡¤ T�A� Tn¡rb� �� ��A� ��As�� r§dqt��  �

.‖f ? g‖L∞(R) = 1
2 An¡ An§d� ¢��

un(x) = e−n
2x2

 �� T�r`m�� {un}∞n=1 Tyqyq��� Ty`�At�� Ty�Attm��  � Am� ��A��� �§rmt�� .3.28

Am� u1(x) = 1 − x Á¤ 0 ≥ x Am� u1(x) = e−x
2
 �� ,0 ≤ x Am� un(x) = 1

n(n − x)+
Á¤ 0 ≥ x Am�

.1 < x Am� u1(x) = 0 Á¤ 1 ≥ x ≥ 0

.2 < x Am� u2(x) = 0 Á¤ 2 ≥ x ≥ 0 Am� u2(x) = 2− x Á¤ 0 ≥ x Am� u2(x) = e−4x2
��@� An§d�¤

:u2 Á¤ u1 �y`�At�� �FC ¢n�¤

u1
u1

u2

u2

x

y

1

1 2
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A�®� ,�d��  A�d`n§ ¯ Am¡¤ u1  Ay� �� A�Am� u2  Ay� �q§ ,¨§d`�� Cw�m�� �� rs§±� �On�� ¨�

.�Fr�� Yl� ¤db§ Am�

:An§d� [1,∞[3 p ��� ��¤ rmts� Ah�wk� TFwy� Ty�Attm�� r}An�  � �R�¤ .1.3.28∫
R
|un(x)|p dx =

∫ 0

−∞
e−pn

2x2 dx+

∫ n

0

(x− n)p

np
dx

�yl�Akt�� �� �� ¨� 	FAn� ry�tm�� ¨� �§db� º�r�A�

=
1

n
√
p

∫ 0

−∞
e−t

2
dx+

1

np

∫ p

0
tp dt

=
1

2n

√
π

p
+

n

p+ 1
,

(¨��w� ��¥F ¨� AW`m�� T�ytnl� Aq�¤)  � Ð�∫ 0

−∞
e−t

2
dt =

1

2

∫
R
e−t

2
dt =

√
π

2
·

(rmts� Ty�Attm�� r}An�  wk�) An§dl� p =∞ ��� �� A��

‖un‖L∞(R) = sup
R
|un(x)| = 1.

.[1,+∞] 3 p  A� Amh� Lp(R) Y�� ¨mtn� {un}∞n=1 Tq�As�� Ty�Attm�� r}An�  � b�§ �@¡

T�A�³� Tyfy�  �.�®�Aktl� ¨l`f�� 
As���  ¤d�¤ CAb�³A� T�A�³�  Ak�³A�  A� ¢�� ^�¯

.��¥s�� �@¡ �� ry�±� �rf�� Yl� ¢sf� �w�� ¨� 	y�� Anl`�� T`btm��

�A� 0 > x  A� �Ð� .R 3 x @��� ,{un}∞n=1 Ty�Attml� u TWysb�� T§Ahn�� �yy`t� .2.3.28

lim
n→∞

un(x) = lim
n→∞

e−n
2x2 = 0.

un(x) = 1− x
n  �� n0 ≤ n ��� �� un(x) Tmy� YW`þu� n0 Ty`ybV Tb�r� �� º�dt�A� 0 ≤ x  A� �Ð�¤

:¢yl�¤

lim
n→∞

un(x) = lim
n→∞

(
1− x

n

)
= 1.

:[0,∞[ �A�ml� zymm�� T�d�� ¨¡ {un}∞n=1 Ty�Attml� TWysb�� T§Ahn�� , Ð�

u(x) = lim
n→∞

un(x) = χ[0,∞[(x), ∀x ∈ R.

.L∞(R) Y�� ¨mtn§ ¢nk� ∞ > p ≥ 1 �� Lp(R) Y�� ¨mtn§ ¯ u  � �R�¤

:An§d� Af�� �d� ¨t�� �A�As�l� Aq�¤ .Atb�� � d� N? 3 n �ky� .3.3.28

‖un‖L∞(R) = 1, ‖un‖Lp(R) =
( 1

2n

√
π

p
+

n

p+ 1

) 1
p
, p ∈ [1,∞[.

An§d�

‖un‖Lp(R) = exp
(1

p
ln
( 1

2n

√
π

p
+

n

p+ 1

))
= exp

(1

p
ln

√
π

2n
√
p

(
1 +

2n2√p
(p+ 1)

√
π

))
.
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�k�

ln

√
π

2n
√
p

(
1 +

2n2√p
(p+ 1)

√
π

)
= ln

(√π
2n

)
− 1

2
ln p+ ln

(
1 +

2n2√p
(p+ 1)

√
π

)
= ln

(√π
2n

)
− 1

2
ln p+

2n2√p
(p+ 1)

√
π

+ o
( √p
p+ 1

)
(p→∞).

 � �bF Am� �tn§

lim
p→∞

1

p
ln
( 1

2n

√
π

p
+

n

p+ 1

)
= 0.

. lim
p→∞
‖un‖Lp(R) = 1 = ‖un‖L∞(R) ¢yl�¤

���r�� �§rmt�� .4.28

An§d� .R 3 x , ϕn(x) = 1√
n
χ[n,2n](x) �y� {ϕn}∞n=1 Ty�Attm�� �kt� .1.4.28

‖ϕn‖2L2(R) =

∫ ∞
−∞

ϕ2
n(x) dx =

∫ 2n

n

1

n
dx = 1.

Ay`ybV � d� n0 �ky�¤ .suppψ0 ⊂ [−a, a] �y�� 0 < a  d� d�w§ .Cc(R) 3 ψ0 �ky� .2.4.28

@¶dn� .a < n0 �y��

(suppψ0) ∩ [n, 2n] = ∅, ∀n ≥ n0.

 � �@¡ �� �tn§

lim
n→∞

∫
R
ϕnψ0 dx = lim

n→∞
0 = 0.

Cc(R) 3 ψε d�wy� L2(R) ºASf�� ¨��y�� Cc(R)  � Am� .0 < ε �ky�¤ L2(R) 3 ψ �ky� .3.4.28

(Cd�w¡ Tn§Abt� ¨� rk�)  �Am�¤ .‖ψ − ψε‖L2(R) ≤ ε
2 �y��∣∣∣ ∫

R
ϕnψ dx

∣∣∣ =
∣∣∣ ∫

R
ϕn(ψ − ψε + ψε) dx

∣∣∣
≤

∣∣∣ ∫
R
ϕn(ψ − ψε) dx

∣∣∣+
∣∣∣ ∫

R
ϕnψε dx

∣∣∣
≤ ‖ϕn‖L2(R)‖ψ − ψ0‖L2(R) +

∣∣∣ ∫
R
ϕnψε dx

∣∣∣
≤ ε

2
+
∣∣∣ ∫

R
ϕnψε dx

∣∣∣
 wk§ �@�¤

ε
2 �� ��� ry�±� ��Akt�� �`� ,ryb� n ��� �� ,Annkm§ ��As�� ��¥s�� ��d�tFAb�

{ϕn}∞n=1 Ty�Attm��  � ©� , lim
n→∞

∫
R
ϕnψ dx = 0  Ð� .ryb� n ��� �� ε �� ���

∣∣∣ ∫
R
ϕnψ dx

∣∣∣ C�dqm��
.L2(R) ¨� �¤d`m�� ��At�� w�� �`S� 
CAqt�
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